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Abstract. We introduce the generic central character of an irreducible discrete 
series representation of an affine Hecke algebra. Using this invariant we give a 
new classification of the irreducible discrete series characters for all abstract affine 
Hecke algebras (except for the types g) with arbitrary positive parameters and 
we prove an explicit product formula for their formal degrees (in all cases). 
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1. Introduction 

Considering the role of affine Hecke algebras in representation theory [IMj . [Boj . 
[BZj . [BMl] . [BM2j . [Molj . [M52] . p]. [RT] . (BKHj, [BKJ or in the theory of in- 
tegrable models [C], [HQlj . |Ma2| . [EQSj it is natural to ask for the description of 
their (algebraic) representation theory and for the properties of their representations 
in relation to harmonic analysis (e.g. unitarity, temperedness, formal degrees). An 
analytic approach to such questions (based on the spectral theory of C*-algebras) 
was first proposed by Matsumoto [Mat j . This approach to affine Hecke algebras 
gives rise to a program in the spirit of Harish-Chandra's work on the harmonic 
analysis on locally compact groups arising from reductive groups (for a concise ac- 
count of Harish-Chandra's work in the p-adic case see [W1 ). The main challenges 
to surmount on this classical route designed to describe the tempered spectrum and 
the Plancherel isomorphism (the "philosophy of cups forms") are related to under- 
standing the basic building blocks, the so-called discrete series characters. The most 
fundamental problems are: 

(i) Classify the irreducible discrete series characters. 

(ii) Calculate their formal degrees. 

In the present paper we will essentiall}0 solve both these problems for general ab- 
stract semisimple affine Hecke algebras with arbitrary positive parameters. 

The study of harmonic analysis in this context requires the introduction of classi- 
cal notions borrowed from Harish-Chandra's seminal work (e.g. the Schwartz com- 
pletion, temperedness, parabolic induction) for abstract affine Hecke algebras. It 
was shown in [DOj that the above program can indeed be carried out. In view of 
|DQj (also see [02]) our solution of (i) can in fact be amplified to yield the clas- 
sification of all irreducible tempered characters of the Hecke algebra. The explicit 
Plancherel isomorphism can be reconstructed by (ii) and [01^ Theorem 4.43]. 

Let us describe the methods used in this paper. The new tool in this study 
of these questions for abstract affine Hecke algebras is derived from the presence 
of a space of continuous parameters with respect to which the harmonic analysis 
naturally deforms. Observe that this aspect is missing in the traditional context 
of the harmonic analysis on reductive groups. The main message of this paper is 
that parameter deformation is a powerful tool for solving the questions (i) and (ii), 
especially (but not exclusively) for non-simply laced root data. There are in fact 
two other pillars on which our method rests, based on results from [Olj and |OSj . 
We will now give a more detailed account of these matters. 

An affine Hecke algebra 7i = H-iTZ, q) is defined in terms of a based root datum 

TZ = {X, Rq, Y, Rq,Fo) 

and a parameter function q (z Q = Q(7^). By this we mean that 5 is a (positive) 
function on the set S of simple affine reflections in the affine Weyl group T^Rq xi Wq, 
such that q{s) = q{s') whenever s and s' are conjugate in the extended Weyl group 
W = X yi Wq. The deformation method is based on regarding the affine Hecke 
algebras TiiJZ, q) with fixed 7^ as a continuous field of algebras, depending on the 



Our solution of (i) does not cover the cases En (n — 6,7,8), hence in these cases we rely on 
[KL] , Our solution of (ii) is complete only up to the determination of a rational constant factor for 
each continuous family (in the sense to be explained below) of discrete series characters. 
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parameter q. This enables us to transfer properties that hold for g = 1 or for generic 
q to arbitrary positive parameters. 

We will prove that every irreducible discrete series character Sq of 7i{TZ, qo) is the 
evaluation at qo of a unique maximal continuous family q ^ 5q oi discrete series 
characters of TCiTZ, q) defined in a suitable open neighborhood of qo. The continuity 
of the family means that the corresponding family of primitive central idempotents 
q — > es{q) € S (the Schwartz completion of Ti.{TZ,q), a Frechet algebra which is 
independent of g as a Frechet space) is continuous in q with respect to the Frechet 
topology of S. The maximal domain of definition of the family g — > (5g is described 
in terms of the zero locus of an explicit rational function on Q. This reduces the 
classification of the discrete series of 7i{lZ, q) for arbitrary (possibly special) positive 
parameters to that for generic positive parameters, a problem that is considerably 
easier than the general case. 

Let us take the discussion one step further to see how this idea leads to a practical 
strategy for the classification of the discrete series characters. For this it is crucial 
to understand how the "central characters" behave under the unique continuous 
deformation q — > 5g of an irreducible discrete series character 5q. Since it is known 
that the set of discrete series can be nonempty only if Rq spans X ®i Q, we assume 
this throughout the paper. To enable the use of analytic techniques we need an 
involution * and a positive trace r on our affine Hecke algebras 7i{TZ, q). A natural 
choice is available, provided that all parameters are positive (another assumption 
we make throughout this paper). Then T-l{TZ,q) is in fact a Hilbert algebra with 
tracial state r. The spectral decomposition of r defines a positive measure jipi 
(called the Plancherel measure) on the set of irreducible representations of Ti.{TZ, q), 
cf . [Oil IDO| . More or less by definition an irreducible representation it belongs to 
the discrete series if A'pKI'""}) > 0- It known that this condition is equivalent 
to the statement that tt is an irreducible projective representation of S{TZ,q), the 
Schwartz completion of Ti.(TZ,q). In particular vr is an irreducible discrete series 
representation iff vr is afforded by a primitive central idempotent e-j^ £ S{TZ, q) of 
finite rank. Thus the definition of continuity of a family of irreducible characters in 
the preceding paragraph makes sense for discrete series characters only. We denote 
the finite set of irreducible discrete series characters of TC{TZ,q) by A{TZ,q). 

A cornerstone in the spectral theory of the affine Hecke algebra is formed by 
Bernstein's classical construction of a large commutative subalgebra A C ^{TZ, q) 
isomorphic to the group algebra C[X]. It follows from this construction that the 
center oin{n,q) equals A^" ~ C[X]^o. Therefore we have a central character map 

(1) cc:lvT{n{n,q)) ^Wo\T 

(where T is complex torus T = i{om{X, )) which is an invariant in the sense that 
this map is constant on equivalence classes of irreducible representations. 

It was shown by "residue calculus" [Oil Lemma 3.31] that a given orbit Wot G 
Wq\T is the the central character of a discrete series representation iff Wot is a 
Wo-orbit of so-called residual points ofT. These residual points are defined in terms 
of the poles and zeros of an explicit rational differential form on T (see Definition 
I2.39p . and they have been classified completely. They depend on a pair {TZ,q) 
consisting of a (semisimple) root datum TZ and a parameter q £ Q. In fact, given 
a semisimple root datum TZ there exist finitely many Q-valued points r of T, called 
generic residual points, such that on a Zariski-open set of the parameter space Q 
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the evaluation r{q) G T is a residual point for (TZ, q). Moreover, for every go ^ Q(^) 
and every residual point tq of {TZ, qq) there exists at least one generic residual point 
r such that tq = r{qQ). 

For fixed qq (z Q these techniques do in general not shine any further light on the 
cardinality of A(TZ,qQ). The problem is a well known difficulty in representation 
theory: the central character invariant cc{6o) is not strong enough to separate the 
equivalence classes of irreducible (discrete series) representations. But this is pre- 
cisely the point where the deformation method is helpful. The idea is that at generic 
parameters the separation of the irreducible discrete series characters by their cen- 
tral character is much better (almost perfect in fact, see below) than for special 
parameters. Therefore we can improve the quality of the central character invariant 
for 5o £ A(7^, go) by considering the family of central characters q — > cc{5q) of the 
unique continuous deformation g — > (5g of 5o as described above. It turns out that 
this family of central characters is in fact a Wo-orbit Wqt of generic residual points. 
We call this the generic central character gcc{5o) = Wor of 60. 

Our proof of this fact requires various techniques. First of all the existence and 
uniqueness of the germ of continuous deformations of a discrete series character de- 
pends in an essential way on the continuous field of pre-C*-algebras 5(7^, g), where 
g runs through Q and S{TZ,q) is the Schwartz completion of TC(TZ,q) (see [DO]). 
Pick So G A(7^, go) with central character cc{6o) = Wor^ € Wq\T. With analytic 
techniques we prove that there exists an open neighborhood U x V C Q x Wo\T of 
(go, Wo^o) such that (see Lemma [3^ Theorem 13.31 and Theorem 13. 4p : 

• there exists a unique continuous family U 3 q 5q £ A (7^, g) with Sq^ = 5q, 

• the cardinality of {5 G A(7^, g) | cc{5) G V} is independent of g G C/. 

Next we consider the formal degree ^pz({5g}) of 5q G A(7^, g). In [OS] we proved 
an "index formula" for the formal degree, expressing ^Jipi{{5q}) as alternating sum 
of formal degrees of characters of certain finite dimensional involutive subalgebras 
of 7i{JZ,q). It follows that ^ipi{{Sq}) is a rational function of g G C/, with rational 
coefficients. On the other hand using the residue calculus ^Olj we derive an explicit 
factorization 

(2) l^Plii^q}) = dsmworiq) Q^U , 

with ds G independent of g and mw^^riQ) depending only on g and on the central 
character cc{6q) = WQr{q) (for the definition of m see (I40p ). Using the classification 
of generic residual points we prove that g — > cc{5q) is not only continuous but in 
fact (in a neighborhood of go) of the form g — > Wor(g) for a unique orbit of generic 
residual points which we call the generic central character gcc{6o) = W^r of 5q. Thus 
we can now write ([2]) in the form (see Theorem 15. 12p : 

(3) AiPi({^g}) = dsmgcc{5){q) Q^U , 

where mg^(^s^ is an explicit rational function with rational coefficients on Q, which 
is regular on Q and whose zero locus is a finite union of hyperplanes in Q (viewed 
as a vector space) . 

The incidence space 0{TZ) consisting of pairs {Wqt, g) with Wor an orbit of generic 
residual points and g G Q such that r(g) is a residual point for {TZ,q) can alterna- 
tively be described as 0{TZ) = {(Wor, g) | mwor{Q) 7^ 0}. Thus 0{TZ) is a disjoint 
union of copies of certain convex open cones in Q. The above deformation arguments 
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culminate in Theorem 15.71 stating that the map 

(4) Gcc : Yl HT^.q)^o{n) 

A{TZ,q)B6^{gcc{6),q) 

gives A(7^) := L[(jeQ(7e) A(7?., g) the structure of a locally constant sheaf of finite 
sets on 0{TZ). Since every component of 0{1Z) is contractible this result reduces the 
classification of the set A (7^) to the computation of the multiplicities of the various 
components of 0{TZ) (i.e. the cardinalities of the fibers of the map GCC). 

One more ingredient is of great technical importance. Lusztig [Llj proved funda- 
mental reduction theorems which reduce the classification of irreducible representa- 
tions of affine Hecke algebras effectively to the the classification of irreducible repre- 
sentations of degenerate affine Hecke algebras (extended by a group acting through 
diagram automorphisms, in general). In this paper we make frequent use of a ver- 
sion of these results adapted to suit the situation of arbitrary positive parameters 
(see Theorem 12.61 and Theorem 12. Sp . These reductions respect the notions of tem- 
peredness and discreteness of a representation. Using this type of results it suffices 
to compute the multiplicities of the positive components of 0{TI) or equivalently, to 
compute the multiplicities of the corresponding components in the parameter space 
of a degenerate affine Hecke algebra (possibly extended by a group acting through 
of diagram automorphisms). 

The results are as follows. If Rq is simply laced the then generic central character 
map itself does not contain new information compared to the ordinary central char- 
acter. However with a small enhancement the generic central character map gives 
a complete invariant for the discrete series of Dn as well, using that the degenerate 
affine Hecke algebra of type Dn twisted by a diagram involution is a specialization 
of the degenerate affine Hecke algebra of type Bn- With this enhancement under- 
stood we can state that the generic central character is a complete invariant for the 
irreducible discrete series characters of a degenerate affine Hecke algebra associated 
with a simple root system Rq except when Rq is of type F4 (in which case there 
exist precisely two irreducible discrete series characters which have the same generic 
central character (unless one of the parameters is 0)) or when Rq is of type En 
(n = 6, 7, 8). 

Our solution to problem (i) is listed in Sections \7\ and [HI This covers essentially 
all cases except type En (n = 6, 7, 8) (in which cases we rely on |KLj for the 
classification). In this classification the irreducible discrete series characters are 
parametrized in terms of their generic central character. The solution to problem 
(ii) is given by the product formula ([3]) (see Theorem I5.12p which expresses the 
formal degree of 5q explicitly as a rational function with rational coefficients on the 
maximal domain Us C Q to which 5q extends as a continuous family of irreducible 
discrete series characters {Us is the interior of an explicitly known convex polyhedral 
cone). At present we do not know how to compute the rational numbers ds for each 
continuous family so our solution is incomplete at this point. 

Let us compare our results with the existing literature. An important special case 
arises when the parameter function q is constant on S, which happens for example 
when the root system Rq is irreducible and simply laced. In this case all irreducible 
representations of T~L{1Z, q) (not only the discrete series) have been classified by 
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Kazhdan and Lusztig |KL| . This classification is essentially independent of q £ , 
except for a few " bad" roots of unity. This work of Kazhdan and Lusztig is of course 
much more than just a classification of irreducible characters, it actually gives a 
geometric construction of standard modules of the Hecke algebra for which one can 
deduce detailed information on the internal structure in geometric terms (e.g. Green 
functions) . The Kazhdan-Lusztig parametrization also yields the classification of the 
tempered and the discrete series characters. 

More recently Lusztig [L3] has given a classification of the irreducibles of the 
"geometric" graded affine Hecke algebras (with certain unequal parameters) which 
arise from a cuspidal local system on a unipotent orbit of a Levi subgroup of a 
given almost simple simply connected complex group ^G. In [L2] it is shown that 
such graded affine Hecke algebras can be seen as completions of "geometric" affine 
Hecke algebras (with certain unequal parameters) formally associated to the above 
geometric data. On the other hand, let A: be a p-adic field and let G be the group 
of fe-rational points of a split adjoint simple group G over k such that ^G is the 
connected component of the Langlands dual group of G. In [L2j the explicit list of 
"level arithmetic" affine Hecke algebras is given, i.e. affine Hecke algebras arising 
as the Hecke algebra of a type (in the sense of |BK] ) for a G-inertial equivalence class 
of a level supercuspidal pair {L,a) (also see |Molj . |Mo2j ). Remarkably, a case- 
by-case analysis in |L2j shows that the geometric affine Hecke algebras associated 
with ^G precisely match the level arithmetic affine Hecke algebras arising from G. 

The geometric data that Lusztig uses in [L3] to classify the irreducibles of the 
geometric graded affine Hecke algebras are rather complicated, and the geometry 
depends on the ratio of the parameters. Our present direct approach, based on 
deformations in the harmonic analysis of "arithmetic" affine Hecke algebras, gives 
different and in some sense complementary information (e.g. formal degrees). We 
refer to |Bloj for examples of affine Hecke algebras arising as Hecke algebras of 
more general types. We refer to [Lu4] for results and conjectures on the theory of 
Kazhdan-Lusztig bases of abstract Hecke algebras with unequal parameters. 

The techniques in this paper do not give an explicit construction of the discrete 
series representations. In this direction it is interesting to mention Syu Kato's geo- 
metric construction [Kat2| of algebraic families of representations of 7i{Cn\q), for 
generic complex parameters q. One would like to understand how Kato's geometric 
model relates to our continuous families of discrete series representations, which are 
constructed by analytic methods. 

2. Preliminaries and notations 
2.1. AfBne Hecke algebras. 

2.1.1. Root data and affine Weyl groups. Suppose we are given lattices X,Y in 
perfect duality (•, •) : X x y ^ Z, and finite subsets Rq <Z X and Rq C Y with a 
given a bijection V : i?o ^ Rq. Define endomorphisms r^v : X ^ X hy ra-^{x) = 
X — x{Q^)a and ra '-Y ^ Y hy Vaiy) = y — Oi[y)a^ . Then [Rq.,X,Rq,Y) is called 
a root datum if 

(1) for all a £ Rq we have a(a^) = 2. 

(2) for all a £ Rq we have r^viRo) C Rq and ra{R^) C Rq. 
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As is well known, it follows that Rq is a root system in the vector space spanned by 
the elements of Rq. A based root datum TZ = {X, Rq,Y, Rq , Fq) consists of a root 
datum with a basis Fq C Rq of simple roots. 

The (extended) affine Weyl group of TZ is the group W = Wq x X (where Wq = 
W{Rq) is the Weyl group of Rq); it naturally acts on X. We identify Y xZ with the 
set of affine linear, Z- valued functions on X (in this context we usually denote an 
affine root a = {a^ ,n) additively as a = + n). Then the affine Weyl group W acts 
linearly on the set Y x Z via the action wf{x) := f{w~^x). The affine root system 
R associated to TZ is the VF-invariant set R := Rq x Z c Y x Z. The basis Fq of 
simple roots induces a decomposition R = U i?_ with R^ := i?o + ^ {0} U i?o x 
and R- = — It is easy to see that -R+ has a bases of afhne roots F consisting 
of the set Fq x {0} supplemented by the set of affine roots of the form a = (a^, 1) 
where € Rq runs over the set of minimal coroots. The set F is called the set of 
affine simple roots. Every VF-orbit Wa C R with a & R meets the set F of affine 
simple roots. We denote by F the set of intersections of the VF-orbits in R with F. 

To an affine roots a = (a'^jn) we associate an affine reflection : X ^ X by 
ra{x) = X — a{x)a. We have Va € W and wraW~^ = r^a- Hence the subgroup 
W"" C W generated by the affine reflections with a G R is normal. The normal 
subgroup has a Coxeter presentation {W"", S) with respect to the set of Coxeter 
generators S = {r^ | a E F}. We call S the set of affine simple reflections. We call 
two elements s,t G S equivalent if they are conjugate to each other inside W. We 
put S for the set of equivalence classes in S. The set S is in natural bijection with 
the set F. 

We define a length function I : W Z+ by /(w) := |w^^(i?_) n The set 

Q := {w G W \ l{w) = 0} is a subgroup of W. Since W"" acts simply transitively on 
the set of positive systems of affine roots it is clear that W = W"" x Vt. Notice that 
if we put X+ = {x G X I x(a^) > Va G Fq} and X~ = -X+ then the sublattice 
Z = X^ n X^ C X is the center of W . It is clear that Z acts trivially on R and in 
particular, we have Z dO.. We have Q. ^ W/W^ ^ X/Q{Rq) where Q{Rq) denotes 
the root lattice of the root system Rq. It follows easily that O/Z is finite. We call 
TZ semisimple if Z = 0. By the above TZ is semisimple iff Vt is finite. 

2.1.2. The generic affine Hecke algebra and its specializations. We introduce invert- 
ible, commuting indeterminates v{[s\) where [s] € S. Let A = C[f([s])^-'^ : [s] G 5]. 
If s G 5 then we define v{s) := i'([s]). The following definition is in fact a theorem 
(this result goes back to Tits): 

Definition 2.1. There exists a unique associative, unital A-algebra T-L\{TZ) which 
has a A-basis {N^y^^w parametrized by w G W , satisfying the relations 

(1) N^N,^/ = Nyj^i for all w,w' £ W such that l{ww') = l{w) + l{w'). 

(2) {Ns - v{s)){Ns + v{s)-^) = for all sGS. 

The algebra Ti.\(TZ) is called the generic affine Hecke algebra with root datum TZ. 

We put Qc = Q{TZ)c for the complex torus of homomorphisms A ^ C. We equip 
the torus Q with the analytic topology. Given a homomorphism g G Qc we define 
a specializatiorll TiiTZ, q) of the generic algebra as follows (with Cq the A-module 



^This is not compatible with the conventions in [Ol] . [02] . |03| . [OS] ! The parameter g G Q in 
the present paper would be called q^^^ in these earlier papers. 
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defined hy q): 

(5) n{n,q):=nA{'JZ)®ACg 

Observe that the automorphism (f)s : A ^ A defined by (psivit)) = v{t) if t s 
and 4>siv{s)) = —v{s) extends to an automorphism of TC\ by putting (j)s{Nt) = Nt if 
t s and (j)s{]^s) = —Ng. Similarly we have automorphims ^ps '■ T~(-A "Ha given 
by M<s)) = v{s)-\ Mvit)) = <t) if t s, M^s) = -Ns and Vs(iVt) = Nt if 
t '/'w s. These automorphisms mutually commute and are involutive. Observe that 
(ps'^s respects the distinguished basis A^^ of Ha, and the automorphisms 4>s and ^ps 
individually respect the distinguished basis up to signs. 

We write Q for the set of positive points of Qc, i.e. points q & Qr such that 
q{v{s)) > for all s E. S. Then Q C Qc is a real vector group. 

There are alternative ways to specify points of Q which play a role in the spectral 
theory of affine Hecke algebras (in particular in relation to the Macdonald c-function 
[Malj ). In order to explain this we introduce the possibly nonreduced root system 
Rnr C X associated to TZ as follows: 

(6) Rnr = Rol-l{2a\a'^ e2Y DR^} 

We define i?i = {a € Rnr \ 2a Rnr}- Then i?i C X is also a reduced root system, 
and Wo = W{Ro) = W{Ri). 

We define various functions with values in A. First we define a T^- invariant 
function R 3 a ^ Va £ A hy requiring that 

(7) Va+l = v{Sa) 

for all simple affine roots a (z F. Notice that all generators v{s) of A are in the 
image of this function. Next we define a VFo-invariant function i?^^ 9 ^ € A 
as follows. li a £ Rq we view as an element of R, so that v^v has already been 
defined. If a = 2/3 with (3 £ Rq then we define: 

(8) U^v = Vpyi2 ■■= Vf3V+i/Vf3V 

Finally there exists a unique length-multiplicative function W 3 w ^ v{w) E A 
such that its restriction to S yields the original assignment S 3 s ^ v{s) £ A of 
generators of A to the VF-orbits of simple reflections of W, and v{uj) = 1 for all uj £ Q. 
Here the notion length-multiplicative refers to the property v{wiW2) = v{wi)v{w2) 
if l{wi'W2) = l{wi) + l{w2)- We remark that with these notations we have 

(9) v{w) = Jl Vc^J 
for ah w eWo. 

A point q Q determines a unique T^-invariant function on R with values in 
M+ by deflning qa := q{va)- Conversely such a positive VK-invariant function on R 
determines a point q & Q. Likewise we define positive real numbers 

(10) g^v := g(i;Q,v) 
for a S Rnr and 

(11) q{w) := q{v{w)) 

for w G W. In this way the points q E Q are in natural bijection with the set 
of Wo-invariant positive functions on i?^^ and also with the set of positive length- 
multiplicative functions on W which restrict to 1 on Q. 
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Definition 2.2. If TZ is simple and X = P{R\) (the weight lattice of Ri) we call 

Tl{TZ,q) of type R^i \ This includes the simple 3-parameter case Cn^ with Rq = Bn 
and X = Q{Ro). 

2.1.3. The Bernstein presentation and the center. The length function I : W ^ Z>o 
restricts to a homomorphism of monoids on X"*". Hence the map X^ defined 
by X — > Nx is an homomorphism of monoids too. It has a unique extension to a 
group homomorphism 9 : X ^ which we denote by a; — > 9x- We denote by 
.4a C TCa the commutative subalgebra of Ha generated by the elements Ox with 
X ^ X. Let Ti-Afi = 7Ya(Wo)5'o) be the Hecke subalgebra (of finite rank over the 
algebra A) corresponding to the Coxeter group {Wo,So). We have the following 
important result due to Bernstein-Zelevinski (unpublished) and Lusztig ( |Llj ): 

Theorem 2.3. The multiplication map defines an isomorphism of Aa — T~(.a,o- 
modules Aa'^'Haa Ha and an isomorphism ofTiAfl — AA-modules Ha^o'^Aa — >■ 
TCa- The algebra structure on Ha is determined by the cross relation (with x £ X, 
a £ Fq, s = TaV, and s' G S is a simple reflection such that s' ~vy i^a'-^+i)- 

(12) OxN, - Ns9,^x) = {{v{s) - v{sy') + {v{s') - v{s')-')0-a) ^-f^^ 

(Note that if s' '/'w s then E 2iiQ, which implies x — s{x) G 2Za for all x X . 
This guarantees that the right hand side of is always an element of Aa)- 

Corollary 2.4. The center Za of Ha is the algebra Za = •^^'^ ■ For any q £ Qc 
the center ofH{TZ,q) is equal to the subalgebra Z = A^° C H{Tl,q). 

In particular Ha is a finite type algebra over its center Za, and similarly H{TZ, q) 
is a finite type algebra over its center Z. The simple modules over these algebras are 
finite dimensional complex vector spaces. The primitive spectrum Ha is a topological 
space which comes equipped with a finite continuous and closed map 

(13) CCA ■-Ha^Za = Wo\T X 

to the complex affine variety associated with the unital complex commutative algebra 
Za- The map cca is called the central character map. Similarly, we have central 
character maps 

(14) ccg : Ti^TZTq) ^ Z 
for all q £ Qc- 

We put T'*'^ = IIom(X, C^), the complex torus of characters of the lattice X 
equipped with the Zariski topology. This torus has a natural Wo-^iction. We have 
Z = Wo\T"-'-3 (the categorical quotient). 

2.1.4. Two reduction theorems. The study of the simple modules over H{TZ,q) is 
simplified by two reduction theorems which are much in the spirit of Lusztig's re- 
duction theorems in [LlJ . The first of these theorems reduces to the case of simple 
modules whose central character is a VFo-orbit of characters of X which are positive 
on the sublattice of X spanned by Ri (see the explanation below). The second theo- 
rem reduces the study of simple modules of H{Tl, q) with a positive central character 
in the above sense to the study of simple modules of an associated degenerate affine 
Hecke algebra with real central character. These results will be useful for our study 
of the discrete series characters. 



10 



ERIC OPDAM AND MAARTEN SOLLEVELD 



First of all a word about terminology. The complex torus T has a polar decom- 
position T = TyTu with Ty = Hom(X, R>o) and Tu = Hom(X, S"^). The polar 
decomposition is the exponentiated form of the decomposition of the tangent space 
V = Hom(X, C) of T at t = e as a direct sum V = Vr (B iVr of real subspaces where 
Vr = Hom(X, M). The vector group Ty is called the group of positive characters and 
the compact torus T„ is called the group of unitary characters. This polar decom- 
position is compatible with the action of Wq on T. We call the Wo-orbits of points 
in Ty "positive" and the VFo-orbits of points in T^ "unitary" . In this sense can we 
speak of the subcategory of finite dimensional 'H{Tt, g)-modules with positive central 
characteijl which is a subcategory that plays an important special role. 

Definition 2.5. Let TZ he a root datum and let q ^ Q = Q{TV). For s £ Ty we 
define Rs^ = {a G i?o I fais) = s}. Let Rg^i C Ri be the set of inmultiplicable roots 
corresponding to Rgfi- One checks that 

(15) Rs,i = {l3eRi\ /3{s) = 1} 

Let Rs,i,+ C Rs,i be the unique system of positive roots such that Rs,i,+ C Ri^+, and 
let Fg^i be the corresponding basis of simple roots of Rg^i- Then the isotropy group 
Ws C Wq of s is of the form 

(16) Ws = W{Rs,i) X r, 

where Tg = {w G Ws \ w(i?s,i,+) = is a group acting through diagram 

automorphisms on the based root system {Rg^i, Fg^i). 

We form a new root datum IZg = {X, Rsfi,Y, R^ q, Fsfi) and observe that Rnr,s C 
Rnr- Hence we can define a surjective map Q{TZ) — > QiTls) (denoted by q ^ qs) by 
restriction of the corresponding parameter function on R)^^ to R^rs- 

Let t = cs € TyTy be the polar decomposition of an element t & T. We define 
Wo{t) C Ws for the subgroup defined by 

(17) Wo{t) := {weWs\wte W{Rs,i)t} 

Observe that Wo{t) is the semidirect product Wo{t) = W{Rs^i) x T{t) where 

(18) r(t) = r, n Wo{t) 

Let M\y,^t C Z denote maximal ideal of A of elements vanishing at Wot C T, and 
let Z be the Mi^/gt-adic completion of Z. We define 

(19) A = A®zZ 
By the Chinese remainder theorem we have 

(20) A= A. 

t'eWot 

where Af denotes the formal completion of Aat t' £ T. Let It' denote the unit of the 
summand Af in this direct sum decomposition. We consider the formal completion 

(21) n{ii,q) = n{n,q)(^zz 



\a several prior publications TlOl], [HQ2] . |01) . [02) . |03) the central characters in Wo\T„ were 
referred to as "real central characters" , where "real" should be understood as "infinitesimally real" . 
In the present paper however we change the terminology and speak of "positive central characters" 
instead. 



DISCRETE SERIES AND FORMAL DEGREES 



11 



On the other hand, we consider the affine Hecke algebra 7{{TZs,qs) and its commu- 
tative subalgebra As (as defined before when discussing the Bernstein basis) and 

center Zs = aY^^"'^^ ■ Let ^^^(/j^ ^-^f be the maximal ideal in Zg of elements vanish- 
ing at the orbit W{Rs^i)t = sW{Rs^i)c; let Zg and H{TZs,qs) be the corresponding 
formal completions as before. 

The group T{t) acts on 7i{TZs,qs) and on its center Zg. We note that there exists 
a canonical isomorphism 

(22) Z ^ 'Zf^^^ 
As before we define a localization 

(23) n{T^s,qs) = n{ns,qs)^z.,z; 

Let et G A C ^{{TZ, q) be the idempotent defined by 

(24) et= 1*' 

t'(iW{Rs,i)t 

Theorem 2.6. ("First reduction Theorem" (see |LH Theorem 8.6]Jj Let q G Q and 
let t = cs be the polar decomposition of an element t gT. Let n he the cardinality of 
the orbit W^t divided by the cardinality of the orbit W{Rs^i)t. Using the notations 
introduced above, there exists an isomorphism of Z- algebras 

(25) (W(7^„ qs) X r(t))„xn ^ W(7^, q) 

Via this isomorphism the idempotent et G 'H{TZ, q) corresponds to the n x n-matrix 
with 1 in the upper left corner and O's elsewhere. Hence the Z-algebras TCiJZ, q) and 
TC{TZs,qs) X r(t) are Morita equivalent. In particular the set of simple modules U 
of 7i{TZ, q) with central character W^t corresponds bijectively to the set of simple 
modules V of Ti.{TZs, qs) x T(t) with central character Wo{s)t = W(Rs,i)t, where the 
bijection is given by U CtU . 

Proof. The proof is a straightforward translation of Lusztig's proof of |LH Theorem 
8.6]. We replace the equivalence relation that Lusztig defines on the orbit W^t by the 
equivalence relation induced by the action of W{Rs^i) (i.e. the equivalence classes 
are the orbits of W{Rs^i) in W^t; in other words, the role of the subgroup J{vo) C T 
in Lusztig's setup is now played by the vector subgroup T^). After this change the 
rest of the proof is identical to Lusztig's proof. □ 

The second reduction theorem gives a bijection between simple modules of affine 
Hecke algebra's with central character W^t satisfying a{t) > for all a (z Ri and 
simple modules of an associated degenerate affine Hecke algebra with a real central 
character. We first need to define the appropriate notion of the associate degenerate 
affine Hecke algebra. 

Let 7^ = iX,Ro,Y,R'^,Fo) be a root datum, let q G Q, and let Wot £ Wo\T be 
a central character such that for all a G i?i we have a{t) G M>o. Then the polar 
decomposition of t has the form t = uc with u G T„ a VFo-invariant character of X 
and with c G a positive character of X. Observe that /3(m) = 1 if /5 G i?o H i2i 
and P{u) = ±1 if /? G i?o n ^Ri- We define a Wo-invariant real parameter function 
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fcu : i?i — > M by the following prescription. If a € i2i we put: 

( log(g2^) iiaeRoHRi 

(26) ku,a = { log(g^vgLv) if a = 2/3 with p e Rq and /?(n) = 1 

[ log(g2^) if a = 2/3 with /? G i?o and /?(n) = -1 

Definition 2.7. 1/Fe define the degenerate affine Hecke algebra ii^RijV, Fi,k) as- 
sociated with the root system Ri C V* where V = M®Y and the parameter function 
k as follows. We put P{V) for the polynomial algebra on the vector space V. The 
Weyl group Wq acts on P{V) and we denote the action by w ■ f = . Then 
H(i?i, y, /c) is simultaneously a left P{V)-module and a right C[WQ]-module, 
and as such it has the structure il{Ri,V,Fi,k) = P{V) ® C[Wq]. We identify 
PiV)^eCU{Ri,V,Fi,k) withP{V) and 1 ® C[Wo] C U{Ri,V, Fi, k) with C[Wo] 
so that we may write fw instead of f ® w if f ^ P{^) o-nd w E Wq. The algebra 
structure structure of 'H.(Ri,V, Fi, k) is uniquely determined by the cross relation 
(with f G P{V), a £ Fi and s = E Si): 

(27) fs - sf = kj-^ 

a 

It is easy to see that the center of H(i?i, y, Fi, fc) is equal to the algebra Z = 
p{y)Wo ^ H(i?i,y,Fi,/c). The vector space Vc = C®V cw. be identified with 
the Lie algebra of the complex torus T. Let exp : 14 ^ T be the corresponding 
exponential map. It is a Wo-equivariant covering map which restricts to a group 
isomorphism y — > T^, of the real vector space V to the vector group T^. 

Theorem 2.8. ("Second reduction Theorem" (see ]L\\ Theorem 9.3]Jj Let IZ = 
(X, i?o, y, -Rq) -^o) be a root datum with parameter function q & Q = QiTV)- Let 
Vq C V be the subspace spanned by Rq . Given t € T such that a{t) > for all 
a £ Ri we let ^ = be the unique element such that a{t) = e"^^) for all a G Ri. 

R is easy to see that the map t ^ = is Wo-equivariant; in particular the image of 
Wot is equal to Wo^,- Let t = uc be the polar decomposition oft. Then u & T^ is Wo- 
invariant, and we define a Wo-invariant parameter function k^ on Ri by [26\). Let 
Z be the formal completion of the center Z of'H.{Ri,V,Fi,ku) at the orbit WoS,- Let 
p = p(y) and putP = P(g,zZ andU{Ri,V,Fi,ky)_ = IlXRi,V,Fi,ku)®zZ. There 
exist natural compatible isomorphism of algebras Z ^ Z, A ^ P and TiiJZ, q) — > 

H(i?i,y,Fi,A;„). 

Proof. This is a straightforward translation of the proof of LI, Theorem 9.3]. □ 

Corollary 2.9. The set of simple modules of TC{TZ, q) with central character Wot 
(satisfying the above condition that a{t) > for all a € Ri) and the set of simple 
modules of Ti{Ri,V, Fi,ku) with central character WoS, (as described in Theorem 
\2. <g|] are in natural bijection. 

Combining the two reduction theorems we finally obtain the following result (see 
pi Section 10]): 

Corollary 2.10. For all s € the center of H^Rs^ijV, Fg^ijkg) xi r(t) is equal to 
Z'"(*) . If t £ T is arbitrary with polar decomposition t = sc, then the set of simple 
modules ofTC{TZ,q) with central character Wot is in natural bijection with the set 
of simple modules of il{Rs^i,V, Fg^i, kg) xi T{t) with the real central character WsC- 
Here ^ £ V is the unique vector in the real span of R^ ^ such that a{t) = e"'^^^ for 
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all a G Rs,i, kg is the real parameter function on Rs^i associated to Qs described by 
126\} . and T{t) is the group defined by il8\). 

2.2. Harmonic analysis for afRne Hecke algebras. 

2.2.1. The Hilbert algebra structure of the Hecke algebra. Let TZ he a based root 
datum and q £ Q a positive parameter function for TZ. We turn H = Ti.{TZ, q) 
into a *-algebra using the conjugate lineair anti-involution * : Ti ^ TC defined by 
= N^-i. We define a trace r : — C by t{N^) = 5uj,e- This defines a 
Hermitian form {x,y) := T(x*y) with respect to which the basis A'^ is orthonormal. 
In particular (•, •) is positive definite. In fact it is easy to show [Qlj that this 
Hermitian inner product defines the structure of a Hilbert algebra on fi. Let L^iji) 
be the Hilbert space completion of H and let C := C;{H) C B{L'^{n)) be the C*- 
algebra completion of the image of Ti inside the algebra of bounded linear operators 
on L?'{7i). This C*-algebra is called the reduced C*-algebra of Ti. It is not hard to 
show that is unital, separable and liminal, which implies that the spectrum of C 
is a compact Ti space with countable base which contains an open dense Hausdorff 
subset. The trace r extends to a finite tracial state r on (£. In this situation (see 
[Oil Theorem 2.25]) there exists a unique positive Borel measure /ip; on £ such that 
for all heU: 



Since r is faithful it follows that the support of /xp; is equal to C 

Definition 2.11. We call the measure fipi the Plancherel measure ofTC. 

Definition 2.12. An irreducible * -representation {V,tt) of the involutive algebra TC 
is called a discrete series representation of Ti if iy, vr) extends to a representation 
(also denoted {V, ir)) of<t which is equivalent to a subrepresentation of the left regular 
representation of ^ on Lp'{7{). In this case the finite trace x-k defined by XttI^;) = 
Try(7r(j;)) is called an irreducible discrete series character. 

We have seen that an irreducible representation (V, vr) of H is finite dimensional. 
In particular its character x-^ is a well defined linear functional on H. We call x-k an 
irreducible character of Ji. Clearly the character of a finite dimensional represen- 
tation of Ji only depends on the equivalence class of the underlying representation. 
The irreducible characters of a set of mutually inequivalent irreducible representa- 
tions of Ji are linearly independent (see [Olj, Corollary 2.11]). Hence the equivalence 
class of a finite dimensional semisimple representation is completely determined by 
its character. 

Definition 2.13. We denote by A{TZ,q) the set of irreducible discrete series char- 
acters of7i(JZ,q). For each irreducible character x G ^{T^iQ) we choose and fix an 
irreducible discrete series representation {V, 5) of Ti such that X = XS (^V abuse of 
language we will often identify the set of irreducible discrete series characters and 
(the chosen set of representatives of) the set of equivalence classes of irreducible 
discrete series representations). 

The following criterion for an irreducible representation {V, vr) of Ti to belong to 
the discrete series follows from a general result of Dixmier (see ^01] ) : 



(28) 




Corollary 2.14. {V^tt) is a discrete series representation iff fJ^pi{{TT}) > 0. 
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Corollary 2.15. (see \01\ Proposition 6.10]j There is a 1-1 correspondence be- 
tween the set of irreducible discrete series characters X5 md the set of primitive 
central Hermitian idempotents eg & ^ of finite rank. The correspondence is such 
that T{esx) = tJ'Pi{{5})x5{x) for all x £ 7i. 

Corollary 2.16. (see [01, Proposition 6.10]j {V,Tr) is a discrete series represen- 
tation iff {[tt]} C C is a component of (L. In particular, the number of irreducible 
discrete series characters is finite. 

2.2.2. The Schwartz algebra. We define a nuclear Frechet algebra S = S{TZ, q) (the 
Schwartz algebra) which plays a pivotal role in the spectral theory of the trace r on 

n. 

Definition 2.17. We choose once and for all a rational, W^-invariant inner product 
(•, •, ) on the vector space V* := X. 

Let Vq be the rational vector space spanned by Rq. Its orthocomplement is the 
rational vector space = Z spanned by the center Z of W . Given (j) ^V* we 
decompose </) = </)o + (/'z with respect to the orthogonal decomposition V* = Vq(BVz. 

Definition 2.18. We define a norm Af : W ^ M+ on W as follows: if w (z W we 
put 

(29) M{w) =l{w) + \\w{0)z\\ 
Next we define seminorms pn ■ Ti. ^ on Ti by 

(30) pn{h) :=max^evy(l+AA(u;))"|(Af^,/i)| 

Definition 2.19. The Schwartz algebra SofTLis the completion ofH with respect 
to the system of seminorms pn with n G N. 



Theorem 2.20. i ^Olj . |Sol J ) The completion S is a Frechet algebra which is con- 
tinuously and densely embedded in <t. 

Remark 2.21. The Frechet algebra S is independent of the choice made in Defini- 



tion 2.11. S is also independent of q £ Q as a Frechet space. 



Definition 2.22. A finite dimensional representation of Ti is called tempered if it 
has a continuous extension to S. 

The Frechet algebra structure of S depends on (7 G Q. The basic theorem 12. 201 was 
first proven in [01] using some qualitative analysis on the spectrum of the proof 
in [Solj is more direct and uses an elementary but nontrivial result due to Lusztig 
on the multiplication table of 7i with respect to the basis Nyj. The latter proof also 
reveals the following important fact with respect to the dependence oi q £ Q: 



Theorem 2.23. (see [Soil Proposition 5.9, Corollary 5.10]j The dense subalgebra 
S C <t is closed for holomorphic calculus (also see [DO' Corollary 5.9]). The holo- 
morphic calculus is continuous on S x Q in the following sense. Let U C C be an 
open set. The set Vu C S x Q defined by Vjj = {{x,q) \ Sp(x,g) C U} is open. 
For any holomorphic function f : U ^ C the map Vjj 9 (x,g) — > f{x,q) £ S is 
continuous. 



The following result shows the fundamental role of S for the spectral theory of r: 
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Theorem 2.24. ( ^DOt Corollary 4.4] j The support of fxpi consists precisely of the 
set of equivalence classes of irreducible tempered representations ofH. 

In particular the discrete series representations are tempered. There are various 
characterizations of tempered representations and of discrete series representations. 
Casselman's criterion states that: 

Theorem 2.25. (Casselman's criterion, see [Oil Lemma 2.22]) Let {V,5) be an 
irreducible representation offi. The following are equivalent: 

(1) {V,S) is a discrete series representation ofH. 

(2) All matrix coefficients of {V,S) belong to L'^{TC). 

(3) The character X5 of {V,6) belongs to L'^{TC). 

(4) All generalized A-weights t(zTinV satisfy: \x{t)\ < 1 for all x G X"^\{0}. 

(5) For every matrix coefficient m of 6 there exist constants C, e > such that 
\m{Ny,)\ < Ce-'-^("') for all w eW. 

(6) The character X5 of{V,6) belongs to S. 

Corollary 2.26. An irreducible representation iy,5) ofTC is an irreducible discrete 
series representation iff {V, 6) is afforded by a central primitive idempotent eg & S 
of S (see Corollary \2.15\) . 

Corollary 2.27. The set A{TZ,q) is nonempty only if TZ is semisimple. 

Casselman's criterion for discrete series in terms of the generalized ^-weights 
can be transposed to define the notion of discrete series modules over a crossed 
product H(i?i , Fi , A;) XI r of a degenerate affine Hecke algebra H(i?i , -Fi , k) with 
a real parameter function k and a finite group T acting by diagram automorphisms 
of (thus a simple module {U,5) is a discrete series representation iff the 

generalized P-weights in U are in the interior of the antidual cone (c V) of the 
simplicial cone spanned by -Fi ) . It is clear that this definition is compatible with the 
bijections afforded by the two reduction theorems (Theorem 12.61 and Theorem 12. Sp . 
Hence we obtain from Corollary 12.101 

Corollary 2.28. Let t ^ T with polar decomposition t = sc. The set Aw^^t of 
equivalence classes of irreducible discrete series representations ofTiiJZ^q) with cen- 
tral character W^t is in natural bisection with the set of equivalence classes of ir- 
reducible discrete series representations of 'H.{Rs^i,V, Fg^i, ks) x T{t) with the real 
central character Wg^,. Here ^ G F is the unique vector in the real span of R^.^ such 

that a{t) = e"^^) for all a € Rs,i, kg is the real parameter function on Rg^i described 
by i26\). and T{t) is the group of diagram automorphisms of (Rg^i, Fs^i) of U8\} . 

Corollary 2.29. // Ayy^t 7^ then the polar decomposition t = sc of t has the 
property that C i?i is a root subsystem of maximal rank. 

If s = n € T„ is VFo-invariant (i.e. if a{u) = 1 for all a € then we obtain from 
Corollary [228} 

Corollary 2.30. Let u G T^ be Wo-invariant, and let c & T^. There is a natu- 
ral bijection between the set A{TZ,q)uWoc of irreducible discrete series characters of 
7i{TZ, q) with central character of the form uWqc C Wo\T and the set of irreducible 
discrete series characters o/ H(iii, y, Fi, with the real infinitesimal central char- 
acter Wo log(c). 
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It is not hard to show that the central character of an irreducible discrete series 
character of ii{Ri,V, Fi, ku) is real (see |Slolt Lemma 1.3.4]). Hence the previous 
corollary in particular says that: 

Corollary 2.31. Let u ^Tu he Wo-invariant. There is a natural bijection between 
the set A^{TZ,q) of irreducible discrete series characters ofTC{TZ,q) with a central 
character of the form uWqc with c ^Ty on the one hand, and the set A^(i?i, V, Fi, k) 
of irreducible discrete series characters o/H(i?i, V, Fi, ky) on the other hand. In this 
bijection the correspondence of the central characters is as described above. 

We can use Corollary 12.281 to reduce the general classification problem of the 
irreducible discrete series characters of 7i{TZ, q) for any semisimple root datum TZ to 
the case of discrete series characters of a degenerate affine Hecke algebra as well, but 
we have to pay the price of having to deal with crossed products by certain groups 
of diagram automorphisms. In order to deal with the crossed products one has to 
resort to Clifford theory (cf. [RR] ) . 

Corollary 12.261 gives us yet another characterization of the irreducible discrete 
series representations: 

Theorem 2.32. Let (y,5) be a simple module overTi. Equivalent are: 

(1) (y,5) is a discrete series representation ofTi. 

(2) (y, 5) extends to a projective S-module. 

2.2.3. The Euler-Poincare pairing and elliptic characters. We recall the main result 



Theorem 2.33. The affine Hecke algebra Ti. = T-l{TZ,q) has global homological di- 
mension equal to the rank of X. IfU,V are finite dimensional tempered TC-modules 
then for all i we have Ext^([/, V) = Ext^(f/, V). 

Define the Euler-Poincare pairing on the (complexified) Grothendieck group G{7i) 
of finite dimensional virtual characters by sesquilinear extension from the formula 



It can be seen that this defines a Hermitian positive semidefinite pairing on G{TC) 
( [QS[ Theorem 3.5]). The above result combined with Theorem 12.321 implies that: 

Corollary 2.34. The irreducible discrete series characters ofTi form an orthonor- 
mal set with respect to EP and are orthogonal to all irreducible tempered characters 
that are not in the discrete series. 

Another crucial result of [OSj says that EP factors through the quotient Ell(7^) 
of G{l-C) by the subspace spanned by all the properly induced finite dimensional 
tempered characters. Then Ell(7^) is a finite dimensional 2^-module, equipped with 
a positive semidefinite Hermitian pairing EP with respect to which elements with a 
disjoint support on Wq\T are orthogonal. 

There exists a scaling map : G{'H) GiW) (see |0S1 Theorem 1.7]) which de- 
scends to a map ctq : Ell(?^) — > E11(M/^). The finite dimensional -E-module Ell(T^) can 
be described completely explicitly in terms of the elliptic characters of the isotropy 
groups Wt (with t T) for the action of Wq on T. The pairing EP on Ell(PF) can 
be described in these terms as well, and it turns out that EP is positive definite on 



of [OS]: 



oo 



(31) 
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Ell{W) (for all these results, consult [OSl Chapter 3]). It turns out that Ell(M^) is 
nonzero only if TZ is semisimple, and that the support of £11(14/^) as a ^-module is 
contained in the the set of orbits Wqs such that i?^,! C Ri is of maximal rank. From 
[OS] we have: 

Theorem 2.35. (1) The map cjo : E11(7Y) —>■ Ell{W) is isometric with respect 
to EP. 

(2) For all t £ T we have (To{Ell\Ygt{T~(-)) C Ellvyos(VF), where t = sc with s £ Tu 
and c G Tj; is the polar decomposition oft. 

Combined with Corollary 12 . 341 we obtain the following upper bounds for the num- 
ber of discrete series characters. 

Corollary 2.36. // s G r„ then Ws denoted the isotropy group of s in Wq. We 
call w € Ws elliptic if s is an isolated fixed point of w. Let q\\{Ws) be the number 
of conjugacy classes of Ws consisting of elliptic elements of Ws- For s £ we 
denote by A^{TZ,q) C A{TZ,q) the subset consisting of the irreducible discrete series 
characters of?i{TZ,q) whose central characters are Wo-orbits which are contained in 
the set WqsT^. Then \A%n,q)\ < ell{Ws). 

2.3. The central support of tempered characters. In this section deformations 
in the parameters q of the Hecke algebra play a fundamental role. Let us fix some 
notations and basic structures. Recall that we attach to a based root datum TZ = 
{X, Rq, Y, Rq,Fq) in a canonical way a parameter space Q = Q{TZ). This parameter 
space is itself a vector group, defined as the space of length multiplicative functions 
q : W ^ M+ with the additional requirement that q\^ = 1. 

The following proposition is useful in order to reduce statements about residual 
points to the case of simple root data. 

Proposition 2.37. Let TZ = {X, Rq,Y, Rq , Fq) be a semisimple based root datum. 

(i) Let Ro = r'^q^ X • • • X iiQ™"-* be the decomposition of Rq in irreducible compo- 
nents. We denote by X^^^ be the projection of the lattice X onto WRq \ and 

we define 7^« = (i?JV,Fo^'^) and W = TZ^^^ x • • • x 7^('^). 

Then the natural inclusion X ^ X' defines an isogeny ip : IZ ^ IZ' and if 
Q^'^ denotes be the parameter space of the root datum TZ^^'^ then -0 yields a 
natural identification Q{n) = Q{1Z') = Q(^) x • • • x Q^"^). 

(ii) We replace X by the lattice X"*"^ = P{Ri), the weight lattice of Ri and 
denote the resulting root datum by 7^™"^^ . Then JZ^""^ is a direct product of 
irreducible root data and there exists an isogeny ip : TZ ^ -j^max yjfij^^fi yields 
a natural identification Q{TZ) = Q{TZ"^°'^). 

Proof. A length multiplicative function q -.W ^ M+ is determined by its restriction 
to the set of simple afhne roots and this restriction is a function which is constant 
on the intersection of the T^-orbits of affine roots intersected with the simple affine 
roots. Conversely every such function on the simple affine roots can be extended 
uniquely to a length multiplicative function on W. The group 17 ~ X/Q{Rq) C W 
of elements of length acts on the set of simple afhne roots by diagram automor- 
phisms which preserve the components of the affine Dynkin diagram of the affine 
root system i?" = R^ x Z. The action of Q on the i-th component factors through the 

action of 17^*) := X^^") /Q{Rq^). This proves (i). We also see by this that length mul- 
tiplicative function q G QiJZ) extends uniquely to a length multiplicative function 
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for VF(7^™"^), since 2Y for all a € i?Q with IZ' an indecomposable summand 

which is not isomorphic to an irreducible root datum of type Cn\ This proves 
(ii). □ 

Given a root datum IZ and positive parameter function q £ QiJZ) we define the 
Macdonald c-function of the pair (TZ, q). This is the rational function c on the torus 
T = Hom(X, C)^ defined by 

(32) c= Yl c„, 
where Cq is defined for q G i?i by 

(33) ,) <^^^>m-y- A>m-^'') 

1 — a[t) ^ 

Observe that the function Cq is rational in t despite the appearance of the square 
root a (i)^/^. Indeed, if a/2 ^ X then we have §20^ = and the numerator simplifies 
to {l-q-^a{t)-^). 

The pole order at t = r G T of the rational function 

(34) r,it) := {cit)c{t-'))-' 

is defined as follows. By definition rj(t) is a product of rational functions of the form 
rja '■= {ca{t)ca{t~^))~^ where a runs over the set . Let /? € i?o be the unique 
root such that a is a positive multiple of (5. Then rja is the pull back via /3 of a 
rational function pa on C^; we define the pole order of r]a at r to be equal to minus 
the order of pa at /3(r) € C^. The pole order i^j.} of r/ at r G T is defined as the 
sum of these pole orders. 

Theorem 2.38. [03^ Theorem 6.1] For any point r €T, the pole order of rj{t) 
at t = r is at most equal to the rank rk(i?o) of Rq. 

Definition 2.39. We call r a residual point of the pair {TZ,q) ifi^r} = rk(X). 
The set of {TZ, q) -residual points is denoted by Res{TZ,q). 

In particular the set Res(7^, q) is nonempty only if 7^ is a semisimple root datum. 

The next result is trivial but it explains in conjunction with Proposition 12.371 
how residual points for TZ can be expressed in terms of residual points of the simple 
factors of 7^™"^: 

Lemma 2.40. Let TZ = {X, Rq,Y, Rq) be a semisimple root datum. 

(i) Suppose that TZ ^ TZ' is an isogeny which yields an identification Q = Q' 
(e.g. TZ' = TZ™'"'^ as in Proposition 2.37^ . For all q £ Q we have: r' G 
Res(7^',g) iffr = r'\x G Res(7^,g). 

(ii) Suppose that TZ = TZ^^^ x • • • x TZ^"^^ is a direct product of simple factors 
(e.g. if TZ = Tl'"'*^' as in Proposition\2^ . Let T = T(i) x • • • x r(™) be the 
corresponding factorization of T and let Q{TZ) = Q^^' x ■ ■ ■ x Q^™) be the 
corresponding factorization of Q. 

For all q = {q^^\ . . . , g^™)) G Q we have a natural bijection 

(35) Res{TZ,q) Res(7^(l^ g^^)) x • • • x Res(7^('"^ g^™)) 

such that r (r^^), . . . , r^'")) iff r = r^^) . . . r^*^) with G r« for all 
i = 1, . . . ,m. 
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The following result is straightforward as well: 

Lemma 2.41. Let TZ be a semisimple root datum with root parameter function 
g € Q. Let r £ T with polar decomposition of the form r = sc. Let TZs = 
{X, Rsfi,Y, q) be the root datum with the root parameters Qs as in Definition \2.5[ 
Then r is a {TZ,q) -residual point iff r is a (TZs, Qs) -residual point. In particular TZs 
is semisimple in this case. 

Let L C T be a coset of a subtorus C T. We decompose the product as 
follows 

(36) r] = rjLrj^ 

where r]L is the product of the factors Cq where a £ Rl,i C the subset of 
i?i consisting of the roots that are constant on L, and r]^ is the product over the 
remaining roots. We define the order i^, of at L as the order of rji at L, viewed as 
a point of the quotient torus T/T^. Hence by Theorem 12.381 we have ii < rank(i?i) 
for all cosets L, and we define 

Definition 2.42. We call a coset L C T a residual coset if ii = codim(L) (in 
particular, L = T is residual). If we denote L = rT^ where r £ T^, the subtorus 
such that Lie(ri) is the orthogonal complement o/Lie(r^), then L is residual iff r 
is a residual point for the restriction of rji to T^. We define the tempered part of L 
to be L*'=™P := rT^ (this is well defined). 

Recall the following useful results for residual cosets. 

Proposition 2.43. |03l Lemma 4.1] Let L be a residual coset, L . Then there 
exists a residual coset M D L such that dim(M) = £ + 1. 

From this result one proves easily by induction to the rank of Rq (alternatively, 
it follows from Corollary 12.161 in view of Theorem I2.47P : 

Theorem 2.44. |03l compare Theorem 1.1] The set of residual points is finite. 

We will also need the following results: 

Theorem 2.45. [03l Theorem 7.4] Define t* := Then Wo(L**^"'p)* = WoL^'^'^p . 

Theorem 2.46. [03l Theorem 6.1] If L ^ M are residual cosets ofT then L*"'"p ^ 
jy^temp ^ Equivalcntly, the restriction of rj^ to L^^'^^ is smooth. 

The relevance of the notion of residual cosets stems from: 

Theorem 2.47. [Oil Theorem 3.29], [03l Theorem 6.1] An orbit Wor G Wo\T is 
the central character of a discrete series character of7i{7Z, q) iff r is a residual point, 
and Wor is the central character of a tempered character ofH^JZ, q) iff r £ S, where 

(37) S = S{q)= J L*<="^P 

L tempered 

Remark 2.48. As we have seen above, Res(7^, q) ^ % only if TZ is semisimple. By 
Lemma \2.40\ their classification reduces to the case of simple root data. The residual 
points for simple root data have been classified ( \ii01\ Section 4] and \01\ Appendix 
A]), and various of the above properties of residual points and cosets were first 
proven by classification. In [03\ most of these properties were proved conceptually 
(with exception of [01, Theorem A.14(iii), Theorem A.18]j. In this paper we will 
only use properties of residual points for which we know a classification-free proof 
unless stated otherwise. 
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2.4. Generic residual points. We will study the deformation of discrete series 
characters with respect to the parameter q £ Q. We begin by studying the depen- 
dence of the central characters on Q. We denote the set of all positive real parameter 
functions for 7^ by Q = Q{TZ). Recall the following terminology: 

Remark 2.49. We choose a base q > 1 and define G M such that q{s) = q-^" for 
all s € S^^ . We equip Q in the obvious way with the structure of the vector group 
where N denotes the number of W -conjugacy classes in S^^ . Given a base q > 1 we 
identify Q with the finite dimensional real vector space of real functions s — > /s on 
S^^ which are constant on W -conjugacy classes. In this sense we speak of (linear) 
hyperplanes in Q (this notion is independent ofc[). By a half line in Q we mean a 
family of parameter functions q & Q in which the G R are kept fixed and are not 
all equal to and q is varying in M>i. 

As was remarked in |02] . it follows easily from |01t Theorem A. 7] that the residual 
points arise in generic Q-families. Let us state and prove this result precisely. 

Definition 2.50. A real analytic function r : Q ^ T is called a generic residual 
point of TZ if there exists an open, dense subset U C Q such that the element 
r{q) G Kes{TZ,q) for all q G U. The set of generic residual points of TZ is denoted by 
Res(7^). 

Definition 2.51. Let r G Res(7^). We call q (z Q an r-regular (or W^r-regular) 
parameter if r{q) G Res(7^, g). We denote by Q^^^ C Q the subset of Wor -regular 
parameters. 

It is clear that Q^^^ C Q is the complement of a closed real analytic subset 
(for a more precise statement, see Theorem I2.60p . This implies the following basic 
finiteness result: 

Proposition 2.52. The set Res(7^) of generic residual points is finite and Wq- 
invariant. This set is nonempty iffTZ is semisimple. 

Proof. Suppose that there exist infinitely many distinct generic residual Q-families 
q r{q). Choose countably infinitely many distinct residual families ri,r2,.... 
By Baire's theorem we can choose q (z Q such that the ri{q) are all residual and 
mutually distinct. But by Theorem 12.441 there are at most finitely many residual 
points for q, a contradiction. Hence the set Res is finite. The PVo-invariance is clear. 
By Theorem l2.38l it follows that this set is empty if the rank of Rq is not equal to the 
rank of X. The converse is also clear, because we can easily write down a generic 
residual point if TZ is semisimple. □ 

2.4.1. Results on the reduction to simple root systems. The following result is useful 
to reduce statements about generic residual points to the case of simple root data. 

Lemma 2.53. (i) Let TZ,TZ' be as in Lemma \2.-^Cf( i). The restriction map r' — > 
r = t'Iqxx is a surjection Res(7^') Res(7?.) with fibers of order \X' : X\. 
(ii) Let TZ be as in Lemma \2. 4 O^ ii ) ■ Then we have a natural bijection 

(38) Res(7e) ^ Res(7^(^)) x • • • x Res(7e('")) 

such that r ^ (r^^), . . . , r(™)) iff r{q^^\ . . . ,q^'^^) = rW (qW) . , , ri"') (qi^)^ 
withr^^{q^^) G for all i = 1, . . . ,m and all q = (g^^), . . . , g^*")) G Q. 
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(iii) Let TZ be arbitrary semisimple and let Q = Q^^^ x • • • x Q^™) be the decom- 
position of Q = Q{TZ) as in Proposition \2.37^ i). Suppose that Q' C Q is a 
connected closed subgroup of Q such that for each i = 1, . . . ,m the projection 
TTj : Q' ^ Q^*^ is surjective. Let r' : Q' ^ T be real analytic with the property 
that r'{q') € Res(7^, q') for almost all q' € Q! . Then there exists a unique 
r G Res (7?.) such that r' = r\Qi. 

Proof. The first two assertions are clear so let us look at (iii) . Let r' : Q' ^ j^max _ 
X • • • X T^™"^ be a lifting of r'. Choose homomorphisms (pi : Q^*^ Q' such that 
TTiO (pi = idg(i) for all i. Lemma 12.401 implies that the map r, : 

g(i) ^ defined 

by f(*)(g(*)) := is a generic residual point for Let f G Res(7^) 

correspond to (f*^^-', . . . , f*-™^) (using the notation of (ii)). Then (i) implies that 
r = r|Qxx meets the requirement. If ri also meets the requirement let n be the 
unique lifting of ri to Res(7?."^'^^) such that ri\Qi = r'. Then it is clear that for all i 
we must have Fi^^^ = f^*-*. The uniqueness follows. □ 

Recall the result of Lemma 12.411 We see that if r = sc is a residual point then 
s € Tu belongs to the finite set of points with the property that TZg is semisimple. 
In particular, if r : Q — > T is a generic residual point then the unitary part s of r is 
independent of g G Q and TZs is semisimple. 

Corollary 2.54. Suppose that TZ is semisimple and s (z is such that TZg is 
semisimple. Let (pg : Q(TZ) Q{TZs) denote the homomorphism q — > qg. 

(i) Let Res'* (7^) denote the set of generic residual points r with unitary part s. 
There exists a natural bijection 

<^s ■■ Res" (71) ^ Res"(7^,) 
r ^ r o (pg 

(ii) Using the notation of Definition \2. 5l we have a natural bijection 

Wor^T,W{R,,i){ro(P,) 

Here Wo\Res^o'*(7e) denotes the set ofWo-orbits of generic residual points 
whose unitary part is Wqs. 

Proof. The image Q' = (p{Q) C Qs satisfies the condition as in Lemma I2.53( iiil. 
The result (i) then follows from Lemma 12.411 and Lemma 12.53^ 1111 . The assertion 
(ii) follows from (i) and Definition 12.51 □ 

The previous Corollary reduces the classification of the set Res (7^) to the clas- 
sification of those elements r G Res (7^) which are of the form r = sc where s is 
Wo-invariant. In this case we further reduce to the level of the degenerate Hecke 
algebra: 

Definition 2.55. Let Ri <Z V* be a semisimple, reduced root system and let K, be 
the space of Wo-invariant real valued functions on Ri. We denote by Res'*"'(i?i) 
the set of linear maps : )C ^ V such that for almost all k the point ^(k) € V is 
{Ri,k) -residual in the sense of [HQlj . i.e. 

(39) \{a G Ri I a{^{k)) = = |{a G Ri \ a{^{k)) = 0}| + dim(F) 
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We refer to this set as the set of generic linear residual points associated to the root 
system Ri . 

Proposition 2.56. Let TZ be semisimple and let s (z be W^-invariant. Let K, be 
the vector space of real W^-invariant functions on Ri, and given q £ Q let kg & IC 
be the W^-invariant function on Ri associated to q by the formulas of equation i26\). 
Let r = sc be a generic TZ-residual point. 

(i) There exists a unique generic linear residual point ^ € Res'*"(i?i) such that 
0^(^(9)) = e"*-^^*''^-'-' for all a € i?i and all q £ Q (where kg is related to q as 
above). We express this relation between r and ^ by r = sexp(^). 

(ii) This yields a W^-equivariant bisection between Res^°*(7^) and Res'*'^(i?i). 

(iii) For all q £ Q we have: r{q) is {TZ, q) -residual iff C{ks) is {Ri, kg) -residual 
(in the sense of |HQ1| ). 

(iv) The generic linear residual points ^ are rational in the sense that the a{(,{k)) 
is a rational linear combination of the values kp for all a £ Ri. 

Proof. The existence of ^ is a special case of [01^ Theorem A. 7], and the uniqueness 
is clear since Ri spans V* . Similarly (ii) follows from |01l Theorem A. 7]. The 
rationality of ^ follows from the fact that the set of roots contributing to the pole 
order of c at r span a sublattice of X of finite index as a consequence of Theorem 
[Bl □ 

The following reduction to simple root systems follows easily from the definitions: 

Proposition 2.57. Let Ri = Ri^i, . . . , R^^i be the decomposition in simple root 
systems. Then )C = ICiX ■ ■ ■ x ICn and Res'*" = Res'^"(iii,i) x • • • x Res'^''(i^7V,l)• 
2.4.2. Rationality results for generic residual points. Nothing that follows in this 
paper depends on the results in this paragraph in any essential way, but these 
results simplify notations and reveal certain basic facts. The proofs in this paragraph 
depend on the classification of positive generic residual points for irreducible root 
systems. 

Theorem 2.58. Let TZ be a semisimple root datum, and let r : Q ^ T be a generic 
residual point of the form r = sc. For all x £ X the expression x{c) £ A is a 
monomial in the generators v{s)^^ with s £ S. Here v{s) is viewed as a function on 
Q by {v{.s)){q) := q{v{s)). In other words, r is (the restriction to Q of) a Qc-valued 
point ofT. 

Proof. Using Lemma [233] if suffices to show this for TZ = {X, Rq, Y, Rq, Fq) with Rq 
irreducible and X the weight lattice of Ri . By Corollary 12.541 is suffices to consider 
the case where s G T is l^^o-invariant. Then we are in the situation of Proposition 
12.561 In terms of the rational linear function ^ : /C — > ^ of Proposition 12.561 the 
assertion amounts to showing that 2^ is integral, i.e. x{2(^) is an integral linear 
combination of the functions kp (with (3 £ Ri) for all integral weights x. We call ^ 
a generic residual point for Ri (in the sense of |H01| ). 

If Ri = An it is easy to see that 2^ is integral (even even for even n). 

If Ri = Bn it suffices to remark that the integrality of ^ with respect to the root 
lattice follows from the description of the residual points as in [HQH Section 4] (also 
see Section [6|). 

The generic residual points for Ri of type C„ are in bijection to those of type 
Bn as follows. Let ki denote the parameter of the C„ roots of the form itej =b Cj 



DISCRETE SERIES AND FORMAL DEGREES 



23 



and k2 the parameter of the Cn roots =b2ej. If ^' is a generic -B,i-residual point 
then ^(^1,^2) = ^'(fci, A;2/2) is a generic C„ residual point. This sets up a bijective 
correspondence between the generic residual points of Bn and of C„. Hence if ^ is 
residual for Cn then 2^ is integral with respect to the root lattice of Bn, which is 
equal to the the weight lattice of C„. 

If Ri is of type Dn or £"„ we use that ^ is integral with respect to the root 
lattice [OH Corollary B2]. In order to check the integrality of 2^ with respect to the 
weight lattice one needs to check in addition the integrality of a;(2^) with respect to 
the minuscule fundamental weights. This is an easy verification using the explicit 
descriptions of the Bala-Carter diagrams of the distinguished parabolic subgroups in 
\Cai\ Section 5.9] (see [01] Appendix B] for the explanation of the relation between 
residual points and Bala-Carter diagrams for the simply laced types) and the table 
1 of |HumH Chapter III, Section 13.2] expressing the fundamental weights in the 
simple roots. For Ri = Dn there are 3 minuscule fundamental weights to check, and 
for i?i = Eq there are 2 of these. For Ej and Eg the integrality of ^ with respect to 
the root lattice suffices since the index of the root lattice in the weight lattice is at 
most 2. 

For F4 and G2 the root lattice is equal to the weight lattice. In these cases the 
result follows simply from the tables in [HOlt Section 4]. □ 

We introduce the following notation 

Definition 2.59. Let r = sc & Res(7^). Recall that for all a € Ri we have a{r) = 
a{s)a{c) with a{s) a root of 1 and a(c) a monomial in the variables v^v (with 
P'^ G Rnr) as described above. Define 

= {a£RonRi\ vlva{r) - 1 = 0} U {2/3 G Ri\Ro \ v^v /2v}v /3{r) -1 = 0} 
rP'+ = {2(5 E i?i\i?o I vp.,2l3{r) + 1 = 0} 
i?^ = {a e i?i I a{r) -1 = 0} 



and we define an element mwor G K{A) in the quotient field K{A) of A by 

.... ^ n..^,\^^,(a(o-^-i) 

As before, if a G RqDRi then V2a^ = 1 and the corresponding terms in the denomi- 
nator simplify to (v~^a{r)~'^ — 1). Therefore the expression is rational in the values 
a{r) with a E Rq. Observe that the above definition of mwar is indeed independent 
of the choice of r in the W^-orbit Wqt, justifying the notation mwfyr- 

Theorem 2.60. Let r be a generic residual point. We view the generators v(s) of 
A as functions on Q via v{s){q) := q{v{,s)) as before. The function mwor is real 
analytic on Q. The set of r -regular points Q^^^ Q I f^o) £ Res(7^, g)} of 

Q is the complement of the zero locus of my/or in Q. In particular this set is the 
complement of a union of finitely many (rational) hyperplanes in Q. 

Proof. Since r{q) is generically residual it is clear that {R^'t U R^'il — \Rri\ = 
rank(X). By Theorem 12.381 it is therefore clear that for all g € Q the number of 
factors that are zero at q in the numerator of mwor has to be at least equal to the 
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number of factors that are zero at q in the denominator. This imphes that mwor is 
real analytic on Q, and that the zero locus of mwor in Q is precisely the set of q 
such that r{q) is not residual. □ 

Definition 2.61. Let q e Q. We define Resg(7^) = {r G A(7^) | r{q) G Res(7^,g)}. 
Or ReSg(7^) is the set of generic residual points whose specialization at q is residual. 

Let r = sc £ Res(7^). By Lemma 12.411 the evaluations x{s) with x £ X are roots 
of unity. Let K D Qhe the Galois extension of Q generated by the values x(s) with 
X £ X. Theorem 12.581 implies that for all x G X we have x{f) G K[v{s)^^ : s G 5], 
the ring of Laurent polynomials in the variables v{s)^^ (with s G S") with coefficients 
in K. Let a G Gal(X/Q). By the above there is a canonical action r (T(r) of 

Gal(iir/Q) on Res(7^) characterized by x{a{r)) = a{x{r)) for all x G X, where a 
on the right hand side is acting on the coefficients of x(f) G A (these are indeed 
elements of A with algebraic coefficients, by Lemma 12.411 and Theorem 12. 58p . 

Proposition 2.62. Let TZ be a semisimple root datum. 

(i) Let r G Res(7^) and a G Ga^ii'/Q). Then cr(r)|Q(^g) G I^o^'Iq(Ro) where 
Q{Rq) C X denotes the root lattice of Rq. 

(ii) For all r G Res(7^) we have mwor G K{Az), the quotient field of the subring 
Az := Z[t;([s])±i : [s] e S] C A of A. 

(iii) In the situation of Lemma \2.53\( i) we have mwor = f^War' o,i^d in the situa- 
tion of Lemma\2^ii) we have mwoM) = m^a).^(i) (g*^^^) • • • '^w^^'^^A'^M^^'''^- 

Proof. The first assertion follows from the proof of [Olt Proposition 3.27]. Then (ii) 
follows from (i) by the fact that mwor only depends on the restriction of r to Q{Ro) 
and the fact that the assignment r mwor is Wo-invariant. The assertions of (iii) 
are trivial. □ 

2.4.3. Deformation of residual points in the parameter Q. The following result is 
very important: it says that all residual points are obtained from specialization of 
the generic residual points. 

Proposition 2.63. Let IZ be a semisimple based root datum. The evaluation map 
evg : ReSg(7^) — > Res(7^, q) given by evq{r) = r{q) is surjective for all q G Q. 

Proof. We prove this fact by induction to the rank of Rq. If the rank of Rq is one 
the assertion can be verified by an easy inspection. Assume that the result holds for 
all maximal proper parabolic subsystems of Rq. Let rg G T be a residual point for 
the parameter value qo G Q. By Proposition 12.431 we know that that there exists a 
residual line Lq = ri^T^ where r^^o G Tj, is a residual point for a proper maximal 
parabolic subsystem Rl d Rq with the property that rg G Lq. By the induction 
hypothesis, Lq = -L(go) for a generic family of residual lines L{q) = rL{q)T^ (in 
other words, the T^^-residual point r^fl is the specialization r^fl = rL(qQ) at go of a 
generic TZl residual point r^). By Theorem 12 . 38 1 and Definition 12.421 it follows easily 
that for each fixed (? G Q such that rL{q) is residual the rational function rj^ (see 
([36]) ) on L{q) has poles of order at most one on L{q), and x G L{q) is (7^, g)-residual 
if and only if x is a pole of r]^{-,q). In particular tq is a simple pole of r]^{-,qo). 
Considering the form of the factors in the denominator of rj^ this implies easily that 
ro is the specialization at g = go of least one Q-family of the form q — > r(g) G L{q) 
such that r{q) is residual for all q in an open neighborhood of go- Hence r G Resg(7^) 
and evqg{r) = r(go) = tq as desired. □ 
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Definition 2.64. Let TZ be a semisimple root datum and let r € Res(7^). We call 
q G Qwor r-generic (or WQr -generic) parameter if for all r' G Res(7^) the equality 
^^"'(q) = Wo'''{q) implies that r' E Wor. The set of r-generic parameters is denoted 
by Qw-gr- define the set Q^cn generic parameters by QS"! = nrgRcs(7^) Q^or- 

Proposition 2.65. Let TZ be a semisimple root datum. For all r G Res(7^) the set 
^VKor complement of a finite collection of rational hyperplanes in Q. 

Proof. This follows easily from Corollary 12.541 and Proposition 12.561 □ 

The proof of the following important Proposition depends on the classification of 
residual points. 

Proposition 2.66. Recall that the central support of the set of tempered irreducible 
characters of 7i{JZ,q) is given by the union S{q) = UlL'^°™p (union over the set 
{n,q) -residual cosets L C T) (see Theorem [2^ . Let Si{q) = UlL*^"^? C S{q) 
denote the subset of S{q) where the union is taken only over the residual cosets of 
dimension at least i. The sets UggQ(g, Si{q)) C Q x T are closed for all i. 

Proof. In view of Definition 1 2 . 42 1 it is clear that it suffices to show that if r € Res (7^) 
and qo € QvVor' then there exists a residual coset L such that r{qo) € ^temp_ gy ^(J^ 
Theorem A. 7] this reduces to the statement that if c is a positive generic residual 
point, then c{qo) coincides with the center of a positive residual coset. Since the 
collection of centers of positive residual cosets does not depend on the choice of the 
lattice X we may replace X by X™"^^ (as in Proposition 12 . 37| ) . Since "RP^""^ is a direct 
sum of irreducible summands this shows that it suffices to prove the statement for 
a root datum TZ with i?o irreducible. 

In the case where Rq is simply laced this follows from the remark that = 
{go = 1} for all r € Res(7^). By Lemma 12.411 we have r(l) = e, which is the center 
of T^'^^P = Tu. If Ro is of type 5„ or C„, then t his is (SMl Proposition 4.15]. For 
type G2 and F4 it can be read off from the tables [HOU Table 4.10, Table 4.15]. □ 

3. Continuous families of discrete series 

In this section we show that every discrete series character of Ti. = T~i{TZ, q) is 
the specialization of a unique maximal "continuous parameter family" of discrete 
series characters. Using this fact and our results on EP-j-i the discrete series can be 
parametrized explicitly for all irreducible root data TZ which are not simply laced. 
An important ingredient is the fact that the central characters of the irreducible 
discrete series characters are precisely the VFo-orbits of residual points. 

Another main result in this section states that the formal degree of a continuous 
family of irreducible discrete series characters is a rational function on Q with ra- 
tional coefficients. This function has a product expansion in terms of the central 
character of the family, and an alternating sum expansion in terms of the branch- 
ing multiplicities of the discrete series representation to finite dimensional Hecke 
subalgebras. 

3.1. Parameter deformation of the discrete series. In this subsection we show 
that each irreducible discrete series character is a specialization in the parameter q 
of a unique continuous Q-family of irreducible discrete series characters. 

It is useful to remark that such deformations are well understood for scaling 
deformations of the parameters along half lines. What we are about to discuss in 
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this subsection is what happens for general deformations. Therefore this yields no 
extra information whatsoever for the simply laced cases. On the other hand, for the 
non-simply laced root systems the method turns out to be sufficient in most cases to 
distinguish the irreducible discrete series characters with the same central character 
form each other, and parametrize them by continuous Q- families of discrete series 
characters. 

Definition 3.1. Let TZ be a semisimple root datum, qo £ Q, and let £ T be a 
{TZ,qo) -residual point. We denote by V{ro) = {Wor £ Wo\Res(TZ) \ Wor{qQ) = 
W^ro} the finite set of Wo-orbits of generic residual points which coalesce at VForg 
for the parameter value q = qo- 

Lemma 3.2. Let rg = sqCq be a (JZ, qo)-residual point, and let < e < 1/3. 

There exists an open neighborhood U C Q of qo and a Hermitian element z G 
<C[T]^° such that 

(i) z is positive on S{q) for all q £ Q. 

(ii) z{t) < e for all q £ U and t £ S{q)\{Wor{q) \ r £ V{ro)}. 

(iii) There exists an M > 1 such that 1 — e < z{Wor{q)) < M for all q £ U and 
r£Viro). 

Proof. According to [01^ Lemma 3.5] for any 6 > there exist elements a £ C[T]^° 
such that a(Wo'^o) = 1 ^-nd such that the uniform norm of a on Sc{qo) is smaller 
than S for all centers c such that Wqc ^ WqCq. By Theorem 12.461 we know that 
ro is disjoint from the union of the tempered residual cosets of dimension at least 
1 (in particular, cq 7^ e). Hence we can multiply a by further factors in order to 
make sure that a is equal to zero on all tempered residual cosets contained in Sc^iqa) 
other than tq. By taking 6 small enough we can arrange that the uniform norm of a 
on all components of S{qo) other than the points of VFq^o is smaller than e. Define 

z £ C[T]^° by z{t) := a{t)a{t Using Theorem 12.451 we see that z{rQ) = 1 and 
that z is nonnegative on S{q) (for all q £ Q). This proves (i). 

Define two open subsets V+ := {t £ T \ \z{t)\ > 1 — e} and V- := {t £T \ \z{t)\ < 
e} of T. By Proposition 12.661 we see that for all g G Q the support S{q) is the 
following union of compact subsets 

(41) S{q)=[j U Wor{q)T^ 

P reRcsC^p) 

Put Wor{q)T^ = S{P, r, q). By the above it is clear that S{P, r, qo) C V+ iff Rp = Ro 
and Wor £ V{ro). On the other hand, S{P,r,qo) C V- iff Rp = Ro and Wor ^ 
V{Ro) OY li Rp ^ Rq. By the compactness of the sets T^ and the continuity of the 
generic residual cosets r £ Res(7^-p) (viewed as functions on Q) it is clear that there 
exists an open neighborhood U of qo such that for all q £ U, and for all pairs (P, r) 
we have: S{P, r, q) C V- iff S{P, r, qo) and 5(P, r, q) £ V+ iff 5(P, r, qo) £ V+. Hence 
for sdl q £ U we have 

(42) S{q) = iS{q)nV+)U{S{q)nV-) 

and S{q) (IV-^ = V{ro){q). From this we easily deduce (ii) and (iii). □ 

Let L'^iW) denote the abstract Hilbert space with Hilbert basis {Nw)w&w indexed 
by the elements of W . We identify L'^{W) with the Hilbert completion L'^{H{7l,q)) 
(for any fixed q £ Q) hy identifying £ L'^{W) with the basis element A^'^, £ 
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H{TZ,q). In this way L'^{W) comes equipped with the structure of a module over 
the C*-algebra completion of the pre-C*-algebra H{Tl,q). By abuse of notation we 
will denote the basis elements iV^ of the module L'^{W) simply by A'^. Similarly we 
use the notation S(W) for the abstract Frechet space of functions on W which are 
of rapid decay with respect to the norm function Af on W. For each fixed g € Q we 
identify S{W) with the Frechet algebra completion S{TZ,q) of H{TZ,q). 

Given q ^ Q and z G C[r]^° let Zq € T-L{TZ,q) denote the element z viewed as an 
element of 7i{TZ, q) via the isomorphism defined by the Bernstein basis of the center 
Z{q) of Tl{TZ,q) with C[T]'^''. The above Lemma implies that Zq S Tl{TZ,q) is a 
positive central element such that if q G U its spectrum on L'^{Ti.{TZ, q)) is contained 
in [0,e) U (1 - e, Af]. 

Theorem 3.3. Let U, AI > and e > be as in the previous Lemma. Let Cg := 
p>i_e(-S(j) G S{lZ,q) denote the element of S{TZ,q) obtained by holomorphic calculus 
applied to Zq G 'H{TZ, q) with respect to a function p>i-e on the spectrum that is equal 
to in an open neighborhood of [l,e] and is equal to 1 on an open neighborhood of 
[l-e,M]. 

(i) For all q G U , Cq G S(JZ, q) is a self-adjoint, central idempotent. 

(ii) For all q G U we have an orthogonal decomposition 

(43) eq= Yl Yl 

Wore-P(ro) <5(<7)gAvv-o.(,)(7e,g) 

where Gs{q),q ^-^ primitive central idempotent of S(TZ, q) corresponding to 
the irreducible discrete series character 6 (q) G A^r^^j.(^q^{TZ, q) (the set of irre- 
ducible discrete series characters ofTi.{Tl,qo) with central character Woro). 

(iii) For all q G U the two-sided ideal Iq := eqS{TZ,q) C S{Tl,q) is a finite 
dimensional, semisimple, involutive subalgebra ofS{Tl,q). 

(iv) The family q ^ Cq G S{TZ,q) ~ S(W) is continuous with respect to the 
parameter q G U . 

(v) The dimension dimc(Xq) is independent of q gU. 

(vi) The isomorphism class of Iq viewed as a (finite dimensional) C* -algebra is 
independent of q gU. 

Proof. By the previous Lemma it is clear that p>i-e is holomorphic on the spectrum 
of Zq, hence we may apply holomorphic functional calculus. Hence (i) follows from 
the fact that S is closed for holomorphic functional calculus, see Theorem 12.231 
and the basic properties of the holomorphic functional calculus. The assertion (ii) 
follows from the previous Lemma and the definition of the idempotent . The finite 
dimensionality of Iq follows simply from (ii). Clearly Iq is an involutive algebra 
because Cq is central and self-adjoint. Thus the trace r and the anti- involution * 
give rise to a positive definite Hermitian inner product on Iq with the property 
{ab,c) = {b,a*c). Hence Iq is a semisimple subalgebra, proving (iii). It is easy to 
see that U 3 q ^ Zq G S{W) is a continuous family (by expressing z in the basis 
of ?i{TZ,q)). Hence (iv) follows from the continuity of the holomorphic functional 
calculus, see Theorem 12.231 For (v) we first remark that it is clear that for all 
q G U the projection X{eq) G ^{L'^ {TC {TZ, q))) (where A denotes the left regular 
representation) is of finite rank (since only finitely many central characters support 
the image of Cq by construction). On the other hand it is clear from Theorem 
12.231 and \Sol\ Proposition 5.6] that this family of projections is norm continuous 
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in !B(L^('H(7^, g))), implying in particular that the rank is constant in the family. 
Finally observe that Tq = X{eg){L'^{H{TZ,q))). In order to prove (vi) we use the 
notion of approximate matrix units in a C*-algebra |BKR[ Definition 2.2]. Let 

"^j*fc(<?o) be a basis of matrix units of Ig^. Given an element g G C/ we define 

= 6g • rn^j l.{qo), where in the right hand side we view r?T,^*^(go) as an element 
of S{Tl,q) via the canonical isomorphism S(W) ~ S{Tl,q). Let e' > 0. By (iv), 
(v) and [SoU Proposition 5.6] we obtain that there exists an open neighborhood 

qo & Ue' C U of go such that for all q G 11^' the elements 'm^\{q) form a basis of 
e'-approximate matrix units of Zq. This means that for all i,j,k,l,m,n and for all 
q £ Ue' we have 

(44) \\^%{q)rhli},M - klSk,n.mfl{q)\\ < e' 
and 

(45) \\r^%-irh'i]r\\<e' 

(where the norm refers to the C*-algebra norm). Now |BKRl Lemma 2.3] implies 

^(9) of Iq 



that for e' > sufficiently small there exists a basis of matrix units m^*].(g) of T, 
with the property that for all k: 

(46) ^rh^iM)-^m<e 

In particular it follows that Iq for q G C/^' is isomorphic to as a finite dimensional 
C*-algebra. Using a suitable open covering of U this result extends easily to q £ U, 
proving (vi). □ 

Theorem 3.4. Keep the notations as in Theorem \3.3[ Let ro G Res(7?., go)- 

(i) There exists an open neighborhood U ofqo such that for each 5q G Aw^^roiT^, qo) 
there exists a unique family of primitive central idempotents U 3 q ^ 
^S(q),q ^ S{lZ,q) = S(W) with the following properties: 

(a) (5(go) = (^o- 

(b) The function U 3 q ^ ^i^5{q),qyQ) ^ B{L'^{W)) is continuous. 

(c) For all q € U, the value e.s[q)^q G Tq of this function is a primitive central 
idempotent. 

(d) The degree of the irreducible character 5{q) of Zq afforded by e5(g) ,j is 
independent of q. 

(e) For all q £ U the set {esi^q),q}5{qo)£/:\woro{n,qo) complete set of 
mutually inequivalent primitive central idempotents oflq. 

(ii) The continuous families of primitive central idempotents U B q ^ ^S{q),q 
(with 6{qo) G AwgroiT^^ Qo)) define, for all q £ U, a canonical bisection 
^(qo) '5(g) between the set AwgroiT^,qo) o,nd the union 

(47) IJ Aw,r(q){n,q) 

Wor£r{ro) 

Proof. Using the notations of the previous Theorem, we define for all g G C/e' and 
for all i: 

(48) e«(g):=5^m«.(g) 
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This is a primitive central idempotent in Xq which is independent of the choices of 
the matrix units mj*|,(g). Indeed, another choice of the matrix units would lead to a 

central primitive idempotent norm close to e^*''(g). This implies unitary equivalence 
in the C*-algebra Xq of these idempotents, but since these idempotents are also cen- 
tral unitary equivalence means actual equality. It follows from this argument that 
the family of central primitive idempotents C/^' 9 g — > e^*^(g) is continuous at go 
in the following sense: The family of bounded operators Ue' 3 q ^ -^(e^^H^)' 'Z) 
L'^ {Tl{Tl, q) = L'^{W) is continuous at qq. Using the independence of the central 
primitive idempotents for the choice of the matrix units we may repeat this argu- 
ments for any q S U^' to prove that the families J/^' 9 g — > e^*^(g) are continuous on 
Uf,i. If we put U := U^i it is now straightforward to prove the listed properties of 
(a)-(e) for the constructed continuous families e*^*) of primitive idempotents. Finally 
the uniqueness follows again from the above rigidity argument for central primitive 
idempotents, in combination with the continuity, proving (i). 

In view of Theorem l3.3f ii) this sets up, for each value of g G C/, a bijection between 
the set of continuous (in the above sense) families of primitive central idempotents 
e^*) and set of irreducible discrete series characters 5{q) € Ayi/y^^g) (7?., g) where Wqt 
runs over the set W^r G V{ro). This proves (ii). □ 

The above notion of continuity of a g-family of irreducible discrete series characters 
is special for discrete series characters: 

Definition 3.5. Let qo ^ Q and let 5q € A(7^, q'o)- For q G U (as above) we 
denote by 6{q) the equivalence class of irreducible discrete series representations 
afforded by es(^q)^q. For any open set U C Q we refer to such a family 6 : q ^ 
6{q) of equivalence classes of representations afforded by a continuous family of 
central primitive idempotents in S (in the above sense, thus in the operator norm of 
B{L'^{W))) as a "continuous family of irreducible discrete series characters on U". 
We denote the set of such continuous families by A(7^, U). 

There is also an important weaker notion of continuity for a g-family of characters 
which is applicable to more general characters: 

Definition 3.6. Let U 3 q ^ 7r(g) be a family of equivalence classes of irreducible 
representations 'ir{q) of Q{TZ, q). We say that q ■K{q) is a weakly continuous family 
of irreducible characters of7{{TZ) ifU 3 q ^ XTT(q)i^w) is a continuous function for 
all w eW. 

We denote by A'^^(TZ, U) be the set of weakly continuous families U 3 q ^ d{q) of 
irreducible discrete series characters (i.e. weakly continuous families q 3U ^ 5{q) 
such that for all q G U we have X5(q) ^ ^{T^, q) )■ 

Continuity of a family of discrete series characters implies weak continuity: 

Proposition 3.7. Let U C Q and let 6 € A{7l,U). Then the family q S{q) is 
also weakly continuous. 

Proof. Indeed, by the Plancherel formula for 7i{TZ,q) we have 



(49) 



T(e5(g),q) = deg{5{q))fipi{d{q)) 
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and hence this function is positive, and continuous by Theorem I3.4r i) (b) . Hence the 
basic formula 

(50) Xsi,){N^) = deg{6{q)f-^^f^hl!^ 

combined with Theorem 13.4^ 1) (b).(d) imphes the desired continuity. □ 

Proposition 3.8. Let 6 G A^^{TZ, U). We define the generic central character map 
cc((5, •) : U Wo\T by cc{6,q) = cc{5{q)). Then cc{6) is continuous and for all 
q & U we have cc{5,q) E Res(7^, g). 

Proof. This is a trivial consequence of Theorem 12.471 and Proposition 13.71 □ 

In fact it is true that cc{5) G Wo\Res{7l), but this is not obvious at this point. 
This result will be shown in Theorem 15.31 

Actually weak continuity and continuity are equivalent for families of discrete 
series characters. We have: 

Theorem 3.9. Consider the sheaves A(7^) and A^^{TZ) on Q defined by the presheaves 
U ^ A{n, U) and U A^'=(7^, U), respectively. 

(i) The natural sheaf map A(JZ) A^^{TZ) is an isomorphism. 

(ii) Let Af^{TZ) denote the sheaf of nonnegative integral linear combinations of 
A{TZ), and let A^'^(7^) denote the sheaf of weakly continuous families of 
(not necessarily irreducible) discrete series characters. The natural map 
Ais}(7?.) A'^'^ilZ) is an isomorphism. 

Proof. It is clear that all presheaves involved are sheaves. 

Let us prove (i) . Given 6 G A^^ {TZ, U) we need to show that 5 is continuous 
in the strong sense. Let go € f/, and let W^r^ be the central character of 5{qQ). 
By Theorem I3.4f ii) there exists a neighborhood V C. Q of go such that for any 
a S Avi/oro(^) 9o) there exists d € A{TZ.,V) such that a = (T^q := eVgo((T) (the 
evaluation of the strongly continuous family cr at go ^ Moreover Theorem 

13.4( 11) asserts that for all g G ^ the irreducible discrete series characters dq (with 
CT G A (7^, go)) are mutually distinct and range over the set of all irreducible discrete 
series characters of TiiTZ, q) whose central character is of the form WQr{q) for some 
generic W^r G 'P(ro). Now consider 5 G A'^^{TZ,U). By Proposition 13.81 it is clear 
that for all g G y the central character cc(5(g)) is of the form WQr'{q) for some 
Wor' G V{ro). The linear independence of irreducible characters, the finiteness of 
Aiyoro(^5 90) and Proposition 13.71 imply that there exists a finite set A C W and 
a neighborhood V 3 go such that for all fixed g G 1^' the finite set of vectors 
S(g) := U^(g) G I a G AworoiT^, Qo)} with ^^(g) := {xa,{NJUeA is linearly 
independent. In particular the irreducible characters ag are separated by the vector 
^^(g) of their values on A^^ with w G A. Obviously the maps : U —>■ are 
continuous. By the weak continuity of 6 it follows similarly that the map -.U ^ 
is continuous and by the above, for all g G V we have ^f{q) G S(g). This implies 
that there exists a unique a G Avi/oro(^i ^0) such that 5\vi = ^\v'-, proving that 5 is 
strongly continuous at go. Since qo & U was arbitrary the result follows. 

Let us now prove (ii). Let 6 G A^''{TZ, U). We need to show that 5 is continuous 
in a strong sense. Let go G U , and let WoVi (where i = 1, . . . , A;) be the set of central 
characters of the irreducible constituents of 5(go)- We have 5\ugen = Ylwor ^WoAijs'^^ 
(where Wqt runs over the set Wo\ Iles(7^) of orbits of generic residual points) where 
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jjgen ._ Qgen p jj ^^^^ where {7^^" 9 g — > Sworig) is a weakly continuous family of 
discrete series characters such that for all q G C/^^", cc{6woriQ)) = Wor{q). Recall 
that Q^*^" is the complement of finitely many rational hyperplanes in Q. 

We claim that for every connected component U' C C/^e" which contains qq in its 
boundary we have SwoAu' o^ily if ^ ^iP{r,i). Indeed, there exists a z G Z 
such that z{WQri) = for i = 1, . . . , A; but with z{Wor{qQ)) = 1 for all orbits of 
generic residual points W^r such that Wor{qQ) {M^o'^i) • • • iWofk}- Observe that 
for all r £ Res(7^) the value deg^dwoAu') ^ ^+ is independent of g € C/' since the 
family (^vKorli/' is weakly continuous. By the weak continuity oi 5 onU we see that 
U ^ q ^ Xq X5(q)[z) must be continuous at go! however, by definition of z it 
follows on the one hand that Xqo = 0; while on the other hand the limit for q ^ qo 
from U' yields ^Wor^u,V(r,) deg(5vyor|i/')- The claim follows. 

We now prove in a similar fashion to the proof in (i) that if Wqt £ Uj'P(rj) and if 
U' C [7^^" is a connected component which contains qo in its boundary then <5vi/gr|i/' 
is strongly continuous and in fact extends uniquely to a neighborhood U" of qo in a 
strongly continuous sense. This finishes the proof. □ 

Remark 3.10. We identify the sheaves A(7^), A'^'^iTZ), Af,j{n) and AJ|'=(7^) on Q 
with their etale spaces. These sheaves are Hausdorff spaces. As sets we have 

(51) A(7^)= ]J A(7^,(?) 

Proof. By Theorem 13.91 it suffices to show this for A (7^). In this case the result 
follows simply from Theorem 13.4( 11). □ 

Proposition 3.11. A continuous family of irreducible discrete series characters 
U 3 q ^ 6{q) is compatible with the scaling maps (with e > 0) of \0S\ Theorem 
1.7] in the sense that ae{6{q)) = S{q'^). 

Proof. We may assume that J7 C Q is an open ball centered around of go ^ Q such 
that evgg : A{Tl,U) A(7?., go) is an isomorphism. Let £ C Q be the half line 
generated by qo. Let 6 € A(7?., go) and let 6 G A(TZ,U) be such that evgy((5) = 6. 
Consider the continuous family 6^^^ defined by restricting the section 5 to C nU, 
and the continuous family 5^'^^ defined by scaling C DU 3 qo ^ ^e{^)- It follows 
from the analyticity ([OSl Theorem 1.7], property 1)) that (J^^) g A''"''(n,Cn U). 
The result J^^) = J^^) follows from Theorem [331 □ 

Corollary 3.12. We can extend any continuous family of irreducible discrete series 
characters 6 G A{TZ, U) in a unique way to 6 £ A{TZ, U) where U = Ue>oC/'^ is the 
open cone in Q generated by U. 

Proof. Let C C U he a half line. By the above Proposition and the properties of the 
scaling maps (namely, for e > these maps induce bijections of the sets of equivalence 
classes of irreducible discrete series characters) we see that the restriction A^ (7^) of 
A(7^) to £ is a constant sheaf. The result follows easily from this remark. □ 

4. The generic formal degree 

Let ?7 C Q be a connected open cone, and let 6 G A^''{TZ, U). In this subsection 
we prove the rationality of the formal degree U B q ^ lJ'Pi{S{q)), i.e. we prove that 
this function is the restriction to U of a rational function of the root parameters 
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g^v with rational coefficients, i.e. of an element of K{h.'£). We refer to this rational 
function as the generic formal degree of the family 5. We combine the rationality 
of the generic formal degree with the product formula |031 Theorem 4.10] for the 
formal degree of 5{q) valid for q varying in a half line in Q. We then obtain the 
factorization of the generic formal degree as element of K{K). 

4.1. Rationality of the generic formal degree. Let 7^ be a semisimple root 
datum and let i7 C be the subgroup of length zero elements. If / is a facet of 
the fundamental alcove C we denote by C be the stabilizer of / in 0. Let 
(/) C be the affine subspace spanned by /, and let E/ (/) be the linear space 
formed by cosets e — (/) (with e G i?) of the linear subspace associated to (/). Let 
Ef be the determinant character of the linear action oiVtf on E/{f). The involutive 
subalgebras ?i{Tl,f,q) = TC{Wf,q) ya C 7i{TZ,q) are finite dimensional (since 
we assume that TZ is semisimple here) and hence semisimple (compare with [0S\ 
Lemma 1.4]). We start with a useful lemma: 

Lemma 4.1. The algebra 7i{TZ,f,q) is semisimple for all q £ Q- Let F be an 

algebraic closure of K{A) and let T-L\{TZ, f) he the generic algebra over A. We 
denote by I D A the integral closure of A in F. Extend ev\ : A ^ C to / and let 
X ^ X^ be the corresponding bisection between Wj >q Qj and 7iF{TZ, f) (as in \Cai\ 
Proposition 10. 11. 4] j. Let d^ £ F denote the formal degree of with respect to the 
trace form t restricted to the algebra TCpiTZ, f)- Then d^ € K{A) and d^ is regular 
on Q for all x ^ Wj x 

Proof. For all g € Q the trace form r of the algebra T~L{TZ, f, q) has a nonzero 
discriminant, proving that H{TZ, f, q) (and a fortiori HpiJ^, /)) is a symmetric (and 
thus semisimple) algebra. Let {V, a^) be a matrix representation of Hf{TZ, f) whose 
character equals x^ ■ We write d^ '■= d^ for its formal degree (with respect to r). 
The orthogonality of characters of a symmetric algebra implies that 

(52) d, = 
where So- is the Schur element of , given by 

(53) dimF{V)S^= Yl X^iN^x..)x^{N^..xu.)-^) 

wXLiiGWf x>Qf 

By a well known result (see e.g. the argument in [Gl Proposition 4.6], which applies 
to our situation as well as one easily checks) one also has the following formula for 
the Schur element: 

(54) diraF{V)S^{q)ldy = ^ fT^(A^«,x..iV(^x^)-0 

wxujGWf xiQf 

But clearly (loc. cit.) 

(55) Yl <T^(A^«,x.A^(^x..)-i) = l%l J2 ^^(Nn^N^-i) 

This last equality implies that if {af , Vi) is any simple submodule of the restriction 
of to HFiWf) then 

(56) dimF{V)Sa = \^f\ dimFiVi)Sa, 
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The right hand side of this equation is known to be in K{K), proving the desired 
result. The last assertion follows from the well known fact that the Schur element 
of 5(j is nonzero at q iff corresponds to a projective irreducible representation 
of the specialization algebra 7i{Wf,q). Since 7i{Wf,q) is semisimple for g € Q this 
holds true for all cr. □ 

Let 6 G A"'''(7^, U). Following [ScSt] . [Rl] we define for g G [/ the index function 

fs,g G n{n, q) by 

(57) A, = E deg{a)-'[6,\ninj,,)^ef:aKen{n,q) 

f aelrr(H{nj,q)) 

where / runs over a complete set of representatives of the ri-orbits of faces of the 
fundamental alcove C, and where G Ti-iTZ, f, q) denotes the primitive central 
idempotent in the finite dimensional complex semisimple algebra TCiJZ, f, q) affording 
cr. The importance of the element fs^q G 'H{TZ, q) is that it links character theory 
with the elliptic pairing. Indeed, following |ScSt| . [Rl| one shows, using the Euler- 
Poincare principle and Frobenius reciprocity, that for all representations vr of finite 
length of TLiJZ^q) one has (see jOSl Proposition 3.6]): 

(58) xMs,q) = EPn{5{q),7^) 

Definition 4.2. The multiplicities [^{q)\'H('R.f,q) '•'A ^''^ independent of q G Us 
by Proposition \3.7\ We denote these multiplicities by [6f ej : a] £ Z>o 

Theorem 4.3. Let U C Q be a connected open cone and let 6 G A'^^{Tl,U). We 
have the following index formula for the formal degree fipi{{6{q))}) (with q G U): 

(59) ^^Pmq)}) = T{fs,q) = J](-l)'i-(/) ['^/ ® ^]^-('?) 

Here f runs over a complete set of representatives of the ^-orbits of faces of C, 
and d(j{q) denotes the formal degree of a in the finite dimensional Hilbert algebra 
TC{TZ,f,q) (as in Lemma^J^- 

Proof. We apply the Plancherel formula (I28p to fs,q- In view of ()58p and Corollary 
[Ql we see that fJ-pii{S{q)}) = T{fs,g). Now use and Definition [321 □ 

Corollary 4.4. Let U C Q be a connected open cone and let 6 G A^'^{TZ,U). The 
formal degree U 3 q ^ l^Piii^iQ)}) 'i-^ the restriction to U of a rational function in 
the parameters qa'^ (with a G Rm) with rational coefficients (or in other words, an 
element of K{h.-£) in the notation of Proposition \K6^ ii)). This rational function is 
regular on Q and positive on U . 

Proof. Consider the index formula as given in Theorem 14.31 The result now follows 
from Lemma l4.ll (the positivity on U is obvious). □ 

4.2. Factorization of the generic formal degree. 

Lemma 4.5. Let 5 G iy"^{lZ, U) be a weakly continuous family of irreducible discrete 
series characters on a convex open cone U C Q. The map cc{6{-)) : U —f Wo\T is 
continuous. There exist finitely many mutually disjoint, nonempty connected open 
subcones Ui C U such that UjC/j C U is dense, and such that for each i there exists an 
orbitWori of generic residual cosets such that UidU C Qf^"^ o^n-d cc{6)\i/^ = Wori\ir.. 
In particular cc{6) is continuous and piecewise analytic. 
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Proof. The continuity of cc{6) on U follows from Proposition 13. 8[ Let Ui run over 
the finite set of connected components of U QP^"^ . Then the restriction of cc((5) to 
Ui must coincide with the restriction of a unique orbit of generic residual points, by 
the continuity of cc{S) and the definition of Q^^". By continuity, for all g G C/j fl [/ 
the orbit VForj(g) carries discrete series representations. Hence is residual, or 
equivalently q G Q^^^ . . □ 

Theorem 4.6. Let 6 G A^^{Tl,U) be a weakly continuous family of irreducible 
discrete series characters on a convex open cone U C Q. Let r be a generic residual 
point such that there exists a nonempty connected open subcone Ui C U such that 
cc{6)\Ui = W()r\Ui (see Lemma \4.5\ ). There exists a constant d G (depending on 
6 and Wor) such that we have the following equality in K{Az): 

(60) fJ-Piii^}) = dmwor 

Here mwor G K{Az) (see Proposition \2. 6^ ii)) is the function defined in JTOj ). 

Proof. We fix /s G M and we denote the corresponding half line va. Qhy C <Z Q (see 
Remark l2.49p . Notice that either £ n C/j = or £ C C/j; assume that C is such that 
we are in the latter situation. By [OH Corollary 3.32, Theorem 5.6] we have 

(61) l^Pl{{K<l)}) = d{q)mwor{q) 

for all q Ui, where d{q) G has the property that for all e G IR+ 

(62) d{q^) = d{q) 

where g"^ is defined by q^{s) = {q{s)Y for all affine simple reflections s. By Theorem 
12. 60^ Corollary [43] and (I61jl we see that d is itself a rational function which is regular 
on Ui. 

Recall that we view q > 1 as coordinate on C. The expressions a{r{q)) = 
a{s)a{c{q)) and (with a G Rnr and q £ C) are thus viewed as functions of 
q > 1. By the form of the right hand side of ()6ip as given in ()59p . and in view of 
Corollarv 14.41 we see that there exists a unique real number / such that 

(63) lim qVKW)(q) = «£ e 

q— >oo 



On the other hand, by (162p the rational function d has a constant value, dc say, 
on C Hence (f6T]) implies, in view of (jiOj) and Proposition I2.62( ii). that dcbc = ac 
where 

(64) lim qfmwoAci) = G Q"" 

q— voo 

Since d{q) is continuous as a function of q £ U this implies that d£ G Q is indepen- 
dent of C C Ui and thus that d{q) = d is independent of g C U. Since Ui is an open 
set, the equality ()60p of rational functions which we have now proved on U extends 
to Q (recall that both sides are regular on Q). □ 

Corollary 4.7. Let 5 G A'^^iTZ, U) be weakly continuous on a convex open cone U . 
Let Wori, Worj be orbits of generic residual points associated with 6 as in Lemma 
\4-5\ There exists a constant d G such that mw^n = drnv/^rj ■ 
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5. The generic central character map and the formal degrees 
The following result depends on the classification of residual points: 

Lemma 5.1. Let TZ = {X, Ro,Y, R^) be a simple root datum such that Rq is not 
simply laced, and let r, r' £ Res (7^) be generic residual points with equal unitary part 
s which is Wo-invariant. If there exists a constant d G such that mwor = drnT^Qr' 
then Wor = Wor' . 

Proof. Using Lemma 12.531 and Proposition I2.62l fiii) we reduce to the case where TZ 
is irreducible and X = P(Ri), and r, r' are generic residual points with equal Wq- 
invariant unitary part s £ T^. Let us write r = sc and r' = sc'. In the C^^'^-case we 
have s = (1, . . . , 1) or s = (—1, . . . , —1). We use Proposition l2.561 In the first case we 
find that c, c' extend to positive generic residual points for the root datum TZ' defined 
by R'q = Bn and X' = P{Rq), with the parameters q defined by qei±ei = Qei±ej and 

92e, = 92e^'?2e^+i- second case c,c' are positive generic residual points for TZ' 

— 1/2 1/2 

with the parameter q defined by qei±ei = Qe^isj and ^26, = 92e/ 52e,+i- ^^^^ 
case we substitute q2e^ = Q2ei+i and in the second case we substitute g2e, = 92ei+i> 
with this substitution we have in either case 

(65) m^oril) = ^WoM and m^^,,,(g) = m^^^,{q) 

Therefore it suffices to prove the assertion for irreducible root data TZ such that Rq 
is non-simply laced and X = P{Ro) where Wor, Wor' are orbits of generic residual 
points with the same VFo-invariant unitary part s. We may now replace s by 1 
without loss of generality. Hence we may and will assume that Wor, Wor' are orbits 
of positive residual points. We again use Proposition 12.561 to compare such points 
to the classification in |HOH Section 4]. 

In the cases G2 and F4 the Wo-orbit Wor of a generic positive residual points Wor 
is distinguished by the set Q^^^ as can be seen from Tables 2 and 4. Since this set 
is the complement of the zero set of mwor (by Theorem 12. 60p the desired conclusion 
follows. 

Next consider the cases Bn and Cn- Let / be a rational function in qi,q2 of the 
form 

(66) /('z) = 9^92^^1111(^1^2 -ir-^- 

i j>0 

(with Uij G Z). Then the exponents utj G Z are determined by /. Let qi denote 
the parameter of the roots iej ± ej and q2 the parameter of for a = Ci (if Ro 
has type Bn) or 2ej (if Ro has type C„). The functions mwor are of all of the above 
form where the exponent of q2 is 0, 2 or 4. The VFo-orbits of generic positive residual 
points are parametrized by partitions of n (see |H01] Section 4], and |Q3t Theorem 
A. 7]). Let A h n and let Worx be the corresponding PVo-orbit of residual points. Let 
us use the notation mv^or = "m-x if Wor = Worx- In the case Bn, the factors of mx of 
the form ((?f*g2 ~ ^ ) have multiplicity n2j,2 equal to twice the number of boxes 6 € A 
such that c(6) = i (where c(6) denotes the content of b). Hence mx determines for 
each i the number of boxes in A with content i. Clearly this determines A. If -Ro is 
of type Cn we use the correspondence between Bn and C„ positive generic residual 
points as explained in the proof of Theorem 12.581 It follows that the factors of mx 
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of type {qi^q2 — 1) have multiplicity n4j^2 equal to twice the number of boxes 6 of A 
with c(6) = i, and again we conclude that A is determined by mx. □ 

Corollary 5.2. Let TZ be semisimple and let qo & Q = QilZ)- Suppose that Sq G 
A(7^, go) and that cc{5o) = WqVq for a G Res*(7^, go) with s & which is Wq- 
invariant. Then there exists a unique orbit Wqv € Wo\Res{Tl) of generic residual 
points which has the following property: there exists an open neighborhood U C 
Q of qo and a continuous family of discrete series characters U 3 q ^ 6{q) € 
^Wor(g)(^) 9) such that cc{6{q)) = Wor{q) for all q^U . 

Proof. The uniqueness of such an orbit Wor of generic residual points is clear from 
the fact that a generic residual point is real analytic on Q. Hence Wqt is determined 
by its restriction to U . 

For existence we first choose a lift fo € Res(7^''""^' , go) of ro and a vro € Av^ofo (^) ^o) 
with the property that 5q is a component of the restriction of vro to Q(7^, go)- Accord- 
ing to Theorem 13.41 there exists an open neighborhood U C Q such that ttq extends 
to a continuous family tt of irreducible discrete series characters of TiiTV^"'^). It 
is obvious that vr = vr^^^ <^ ■ ■ ■ ® vr^™-* with continuous family of irreducible 

discrete series characters of TiiJZ^'^^) defined on C/^*-* (where TZ^'^^ with i = 1, . . . ,m 
runs through the simple factor of 7^™-"^ as in Proposition 12.37]) . 

For each i there exists a generic residual point f^*-* G Res(7^''*^) such that cc(7r*^*)) = 
. Indeed, if T?.^*^ is simply laced then this is trivial by the scaling 
isomorphisms |OSl Theorem 1.7(1), (5)]. So let us assume that 7^^*-* is not simply 
laced. Then the assertion follows from Lemma 14.51 Theorem 14. 6^ and Lemma 15.11 
applied to 

(67) 4^)GA^(^«^^_„(7^»,g«) 

Let r € Res(7?.) be the generic residual point that corresponds to (f^^^, . . . ^f^™)) by 
restriction as in Lemma l2.53r i). 

If we restrict the continuous family vr from TiiTU^"'^) to TiiJZ) we obtain a contin- 
uous family of discrete series characters, i.e. a section 'K\'}i{n) € /^m{'R.,U). Observe 
that all irreducible components of T^{q)\T-i{il,q) have the same central character. Using 
the linear independence of irreducible characters and Theorem I3.4( ii) we see that 
7r|7^(7j) contains the continuous extension 5 of 5q to U with multiplicity at least 1. 
In particular we see that the composition of cc(7r) : U PFoV^™"^ with the natural 
projection WoXT"^""^ — > Wo\T is the central character cc{6) of the family 6 on U. 
We conclude that cc{5) is given on U by Wo^lc/j where r G Res (7?.) was constructed 
above. This finishes the proof. □ 

The next result the main result of this section. It generalizes Corollary 15.21 to 
general irreducible discrete series characters. 

Theorem 5.3. Let 60 £ A{TZ,qo). Let U <Z Q be a (connected) open neighborhood 
of qo such that there exists a 6 (z A{TZ,U) with 5{qo) = 5q (see Theorem \3.4\ )- There 
exists a unique orbit W^r € WQ\RQSq{TZ) such that cc{5{-)) = Wo'^lc/- 

Proof. We first show that the notion of weak continuity of a family of characters 
(see Definition 13. 6p is to some extent compatible with the reduction results Theorem 
[Mland Corollary E^Hl 
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Let cc{6{q)) = Wot{q) where U 3 q ^ t{q) G T is continuous. Write s for the uni- 
tary part of t{q) (independent of q). Let tps '■ Q ^ Qs = T^s be the homomorphism 
given hy q ^ qs- 

We denote by vro G An(7^s, V's(9o)) the restriction of the irreducible discrete series 
module of H{TZs,ips{qo)) xr(t((;o)) to T-C{TZs,ipsiQo))- By Theorem 13.41 and Theorem 
13.91 there exists a (connected) open neighborhood Ug C Qs of ipsiQo) and a family 

(68) ^GAN(7^„C/,) 

such that 7r('i/'(go)) = ttq- We may and will shrink U in such a way that ipsiU) C Ug. 

Let G Ti.{TZs, qs) for w G W{TZs) denote the standard basis for the affine Hecke 
algebra 'H(TZs,qs)- Recall from Lusztig's construction (in the variation Theorem 
12. 6p that ?i{Tls,qs) is embedded as a subalgebra of the formal completion 7i{TZ,q) 
(as defined by (f2T|) ) via the map — > et[q)Nu] where w G W{'R.s) and where 
ej(q) G 7i{TZ,q) denotes the idempotent as in Theorem 12.61 

Let 6t{q) be the irreducible discrete series representation of Ti.{TZs,qs) x T{t{q)) 
corresponding to 6{q) according to Theorem 12.61 This implies in particular that 

(69) XSt{g)iNl) = X5(q)iet(g)N^) 

for all w G ^(7^,). 
We claim that 

(70) Xni,.){K)=xs,ig){K) 

for all g G f7 and w G W{TZs)- By Theorem 13.41 and Theorem 13.91 it suffices to show 
that for all w G W the right hand side of ([69]) is continuous as a function of g G C/. 

By the continuity of U B q —>■ cc{S{q)) it is easy to see that one can construct 
for each G N a continuous family U 3 q ^ at^q G ^ = C[r] (i.e. a g- family of 
Laurent polynomials on T whose coefficients depend continuously on q) such that for 
all g G f/ and t' G W {Rs,i)t{q): at,g G 1 + while for all t' G Wot{q)\W{Rs,i)t{q) 
one has at^q G . If is sufficiently large this implies easily that for all q £ U and 
for any w G W{TZs) one has 

(71) X5{q)iet(q)]^w) = X5{q)iat,qNw) 

which is indeed continuous in g G [/ as was required, thus proving (j70p . 

According to Corollarv 15.21 we find that cc{7rx) G VF(i?s^i)\Res*(7^s) for any ir- 
reducible component tt\ of vr. By relation (I70p and application of Corollary 12.541 it 
follows that for any component ttx of vr that 

(72) cc(5) = «°J-i(r,(cc(^,))) 

This finishes the proof. □ 

In view of Theorem 12.581 this means that the central character of (5 G A{TZ,U) 
actually extends to a Qc-valued point of Wo\T. 

Definition 5.4. (Generic central character for discrete series) Let q € Q. Theorem 
15.31 yields a map gccq : A{Tl,q) — > Wo\ReSq{TZ) which extends to a continuous map 
(in the sense of Remark \3.10\) gcc : A(7^) Wo\Res{7l) . We call gcCq and gcc the 
"generic central character" maps. 
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Definition 5.5. Consider the topological space 0{1Z) given by 

(73) 0{n) = {{Wor, q) G Wo\ Res(7^) xQ\qe Q'^^} 
Then 112 : 0(JZ) Q is a local homeomorphism and the projection 

(74) TTi ■.0{n)^WQ\ Res(7e) 

on the first factor defines for all q ^ Q a bijection between the fibre 0{JZ)q of ^2 at 
q Q and the set Wo\I{eSq{TZ) . We define the following evaluation map: 

ev : 0(7^) ^ Wo\T x Q 

{Wor,q) ^ {Wor{q),q) 

The generic central character map of Definition 15 .41 can be characterized as fohows: 

Proposition 5.6. We define GCC = gcc x tt : A{n) ^ 0{n) where vr : A(7^) ^ Q 
is the canonical projection. Then GCC is the unique continuous map such that the 
following diagram commutes: 



A(7^) o(7^) 



(75) 



CCA 



Wo\T X Q Wo\T X Q 

Proof. This is a reformulation of Theorem 15.31 □ 

We are now in the position to formulate the first main result of this paper: 

Theorem 5.7. The map GCC = gcc x vr : A (7^) 0{TZ) is a surjective local 
homeomorphism and gives A (7^) the structure of a locally constant sheaf on 0{TZ). 

Proof. As a consequence of the definition of gcc in Definition 15.41 we can reformulate 
Theorem I3.4r ii) by stating that for any Wor G Wo\Res{Tl) and any connected 
component U C 2]^^ the restriction Ac(TZ) of A to the connected component 
C = {Wor} xU C 0(TZ) is a locally constant sheaf on C. In particular the cardinality 
of the fibres of GCC\/^^,(^ji-^ is constant. Hence the surjectivity of GCC follows from 
Theorem 12.471 by considering a generic parameter q €U. □ 

Corollary 5.8. Let Wor G Wo Res(7^) and let U C Q^^^r be a connected component 
as in the proof of Theorem \5. 7\ The restriction AcilZ) of A to the component 
C = {Wor} xU C 0{TZ) of 0{TZ) is a constant sheaf 

Proof. Since U is the interior of a convex polyhedral cone by Theorem 12.601 this 
follows trivially from Theorem 15. 7[ □ 

Corollary 5.9. For all q £ Q the map gccq : A{TZ,q) — > Wo\ReSq{TZ) is surjective. 

Proof. This follows immediately from the surjectivity of GCC. □ 

In particular, if So G A{Tl,qo) with gcCq{6o) = Wor G ReSqQ{Tl) is an irreducible 
discrete series character and U C Q^^j. denotes the component of qo, then there 
exists a unique continuous family S G A{TZ, U) such that evqg(5) = do- Observe that 
the open cone U <Z Q\s the maximal set to which 5 can be continued as a discrete 
series character (since the central character Wor{q) will cease to be residual at every 
boundary point of U). Hence the open cone U is determined by 5. 
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Definition 5.10. We denote this open cone by Us, and we call a continuous family 
of irreducible discrete series characters 6 which is extended to its maximal domain of 
definition Us 3 q ^ S{q) a generic irreducible discrete series character. We denote 
by A^^"(7^) the finite set of generic irreducible discrete series characters. 

Corollary 5.11. For each component C = {W^r} x U of 0{TZ) we define a multi- 
plicity Mc G Z>o of C by Mc := \{S £ A9^''{n) \ GCC{5) = C}\. Then Mc > 
for all components C = {VFor} x U). For all q £ U one has Mc = \lS.WQr{Ti-,q)\, 
and for all q £ Q one has (where xu denotes the characteristic function ofU): 

(76) |A(7e,g)|= E Xu{q)M{w,r}KU 

WorGWo\Res(-R,) U&Cwqt 

We reformulate Theorem 14.61 using our results on the generic central character. 
This is the second main theorem of this paper: 

Theorem 5.12. Let 5 S A3'^"(7^). There exists a rational constant ds € such 
that for all q €z Us we have 

(77) f^PiilHq)} = dsmgcc(5){q) 
Here mg^^f^s) G K[^'l) is explicitly given by [4U\ ). 

Remark 5.13. This result proves in particular Conjecture [Oil 2.27], and it shows 
that the constants defined in Conjecture \01\ 2.27] for special values of the param- 
eters can be determined from the rational constants ds defined for the irreducible 
generic discrete series characters. Indeed, any irreducible discrete series character 
6o G A(JZ,qo) determines a unique 6 £ A^^"'{Tl) such that Sq = d{qo). The constant 
defined in Conjecture [Oli, 2.27] is equal to ds multiplied by a rational number de- 
pending on qo which can be easily expressed in terms of the sets R^'t > R-r'i > '^^'^ ^ri 
of roots whose associated factor in mw^r becomes zero at qo). 

6. The generic linear residual points and the evaluation map 

In this section we summarize, following [HOI] and [Slo2] . the classification of the 
Wo-orbits of the generic linear residual points for all irreducible root systems -Ri 
and we describe the evaluation map at a given parameter k £ IC = lC{Ri) of the 
parameter space associated with Ri. 

For each generic linear residual point ^ of Ri we will describe the open dense set 
iC^^ of parameters k such that evkH) = £,ik) is still residual. In addition we will 

describe the set Wo\Res'*"(i?i, V, k) of residual orbits for each k £ JC. To do this it 
is convenient to use the notion of /c-weighted distinguished Dynkin diagrams with 
respect to a given bases Fi = {ai, . . . , a„} of simple roots of Ri: 

Definition 6.1. For k £ K, we define the set Dyn'^*'^*(iii, V, Fi, k) of distinguished k- 
weighted Dynkin diagrams for {Ri, V, Fi, k) as the set of Fi- dominant linear (Ri, k)- 
residual points. There is a canonical bisection 

(78) T¥o\Res'^"(iii, V, k) ^ Dyn"'^"* (i?i , V, Fi, k) 

by which we will identify these two sets. We will represent D G Dyn'^***(iii, V, Fi, k) 
by the Dynkin diagram of Fi in which the vertex corresponding to Oi G Fi is labelled 
by the weight ai{D) > (or simply by the list of values {ai{D), . . . , a„(Z))) ). 
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Given A; G /C let VFo\Resj!"(i?i) be the set of orbits of generic linear residual 
points Wo^ such that k G fC^"^^ . We will also describe in this section the fibers of 
the evaluation map 

(79) evfc : T^oVRes'r (^i ) ^ Dyn'^^^* {R^ ,V,Fi, k) 

(80) Wo^^D = 

where ^,{k)^ € Wo(,{k) is the unique Fi-dominant element in the orbit WQ(,{k). 

If D e I)yn'^^'\Ri,V,Fi,k) and A > then \D G Byii'^''\Ri,V, Fi, Xk) and 
—wo{D) = D (using |01l Theorem A.14(i)]). This gives canonical identifications 

(81) Byn''''\RuV,F,,Xk) = \X\Byn''''\Ri,V, Fi,k) 

for all A G M^. Since the generic linear residual points depend linearly on k this 
remark implies that we only need to describe the set Dyn'^^''^^{Ri,V, Fi,k) and the 
fibres of ev^ on all lines in the parameter space. 

If fea = 2 for ah a G -Ri then the set Dyn°'*''*(i2i, Fi, fc) is the usual set of 
distinguished Dynkin diagrams, corresponding to the set of distinguished unipotent 
orbits of 0c (-^i) via the Bala-Carter theorem. For classical root systems it is known 
how to generalize combinatorially the set of (distinguished) unipotent classes and 
the Bala-Carter bijection to the set of fc-weighted Dynkin diagrams [Slo2] . As this 
is a very useful description we will give these generalized Bala-Carter maps as well. 

Consider the "degenerate" generic central character map gcc^, which is the map 

(82) gcc^ : A^{Ri, V, Fi,k) ^ Wo\Res't{Ri) 

corresponding to the restriction of gcc to the set A*(7^, g) (with s G r„ a Wq- 
invariant element) via the canonical bijections of Corollary 12.311 and Proposition 
I2.56P . In the next section we will prove that for all irreducible non-simply laced root 
systems the map gcc^ maps A^^^(i?i, V, Fi, fc) bijectively onto the fiber ev^^{D) 
where ev^ is the evaluation map of ()79p for Ri) with one remarkable exception: in 
the case -F4 it turns out that one has to count every occurrence of the unique singular 
generic linear residual orbit "/g" with multiplicity 2. In other words, in the notation 
of Corollarv lS.lH the multiplicities My/or xu are always 1 for orbits Wqt of positive 
generic residual point, except for the unique singular one (called /§) of -F4, in which 
case the multiplicity is always 2 (these results will be shown in the next section). 

It is interesting in addition that this bijection also holds for type Dn after we make 
a small adaptation in order to see type Dn as a specialization of type Bn- The proofs 
of these facts do not depend on the classical Kazhdan-Lusztig classification. The 
only point where one needs to resort to nontrivial computations is in the verification 
of the fact that the multiplicity of /§ is always 2. This follows from results by 
Reeder [Rlj . Since our parametrization clearly also holds for type it follows that 
the deformation method gives the classification of the discrete series in all cases 
except for types Eqj^s (in which cases the Kazdan-Lusztig classification is available 
of course). 

In the "classical situation" ka = 2 for all a £ Ri one associates a set of Springer 
representations Stj(D) of Wq to the distinguished unipotent orbit u = u{D) of 
G^{Ri) associated with D. The Kazhdan-Lusztig parametrization says that the 
set A^^j-,(i?i, V, Fi,ka = x) (equal parameters with a; > 0) is in canonical bijection 
with the set ^u{D)- 
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For classical root systems [Slo2] explained how to generalize combinatorially the 
set of "fc-unipotent" elements u{D) associated to D G Dyn'^*''* , y, Fi , /c) and the 
set of corresponding "A;-Springer representations" (A;) of Wq. This makes it 

possible to recast the above parametrizations in the form of a generalized Kazhdan- 
Lusztig correspondence between the set A^^^^^{Ri,V, Fi,ka = x) and the sets of 
fe-Springer representations on a combinatorial level for arbitrary k. Our 

result thus establishes this aspect of the conjectures by Slooten ( |Slo2j ). 

We will include the generalized Kazhdan-Lusztig parameters for the classical root 
systems, and describe their relation with the alternative parametrization ()82p . 

6.1. The case i?i = An, n > 1. In this case /C ~ M. Choose the bases of simple 
roots Fi = {ei — 62, ... , e„_i — e„} for Ri, and define (, : K, ^ V hy the equations 
a{^{k)) = k for all a G Fi. Then Wo\Res'*"(i?i) = {Wq^}. The set /C^ is equal 
to = JC\{0}. For all k e /C^ we have Dyn'^''\Ri,V,Fi,k) = {D{k)} with 
D{k) = {\k\, \k\). We have ev^^(L>(A;)) = {Wq^}. 

6.2. The case Ri = Bn, n > 2. The results in this subsection are due to Slooten 
|Slo2| . Put Ri = {zbcj lb I 1 < « 7^ j < n} U {±ej \ 1 < i < n}. Choose as a basis 
Fi = {ei — 62, ... , e„_i — e„, e^}. We put k{ei ± ej) = A;i € M and k{ei) = A;2 € M 
and in this way make the identification !C = M?. If A;i 7^ then we put m G M by 
m = ^2/^1. 

We first describe the generic linear residual points. Given a partition A € ■P(n) 
(i.e. a partition A h n) we define a /C-valued point as follows. Given a box b of 
A let i{b) be its row number and j(b) its column number. We define the content 
c{b) of the box b by c(6) = j{b) — i{b). We call the tableau of shape A in which the 
boxes & € A are filled with the expression c{b)ki + k2 the generic k-shifted tableau 
of A, denoted by T{X,k). We order the boxes of T{X,k) in the standard way by 
reading the tableau from left to right and from top to bottom. Then we define 
as the /C-valued point of V such that the i-th coordinate Cj ) is equal to the filling 
c(bi)ki + ^2 of the i-th box of T(A, k). 

Theorem 6.2. We have a bijection 

A : V{n) Wo\Res^'''{Ri) 
A ^ Wo^x 

The set JC^^^ of regular parameters for ^;s^ is of the form 
(83) ICl'' = )C\ U 

where where = {iki,k2) \ k2 = mki} C /C and where M^™^ is a set of half- 
integral ratio's m G Z/2 which are called singular with respect to A and which will 
be described in Proposition 16.41 below. We first define for m G Z/2 the m-shifted 
content tableau Tm(A) of A as follows. The tableau Tm(A) has shape A and the box 
b of Tm{X) is filled with the value \c{b) + m\ (i.e. the absolute value of the filling of 
the same box in T(A, (l,m)). The following notion plays an important role: 

Definition 6.3. Let A h n and m G Z/2. The list of extremities of Tm{X) is 
the weakly increasing list consisting of the following numbers. If m & Z (resp. 
m G Z-I-I/2J then the extremities are the fillings of the boxes ofTm{X) at the end of 
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a row ofTm{\) which are on or above the diagonal (resp. the upper 1/2-diagonal) 
and the boxes at the bottom of a column of Tm(A) which are on or below the zero 
diagonal (resp. the lower 1/2 diagonal). Here we agree to count twice if is both 
at the the end of a row and of a column. 

Proposition 6.4. We have m G M^^^ (the complement of M^^^ , i.e. the values 
m G M such that ^\{ki.,mki) is residual ifki ^ 0) if and only ifm ^ Z/2 or m (z Z/2 
and the extremities of Tm[X) are all distinct. If m < 1 — n or of m > n — 1 then m 
is regular with respect to any partition A h n. 

Corollary 6.5. We have 

(84) K.''<^ = k:\[}l^ 

m 

where m runs over the half-integral values satisfying \—n<m<n—l. In particular, 
if k ^ Lfn for all half-integral m satisfying 1 — n<m<n — 1 the evaluation map 

(85) evfc : WoXRes^'" (Ri) ^ Dyn'^^^* (i?i , V, Fi,k) 
is bijective. 

Let m E Z/2 and A h n. Suppose that m M^*"^ (in other words ^\{ki,mki) G 
Res'*"(i2i, y, Fi, (fei, m/ci)) if ki / 0). Since Wq contains sign changes and permu- 
tations the corresponding element D{k) S Dyn'^*^*(i?i, V, Fi, (fci, m/ci)) has coordi- 
nates which are all of the form p\ki\ with p > and p € m + Z. Conversely, any 
point D{k) € T)yn'^^^^{Ri,V,Fi,k) is of this form. In order to see this we recall the 
following result (see [HOT] . [Slo2] ^: 

Proposition 6.6. Let m € Z/2 and let k = {k\,mk\) with k\ ^ 0. Let D G M" be 

dominant with respect Fi. Then D S Dyn'^*^*(i?i, V, Fi, /c) only if all coordinates of 
D are of the form p\ki\ with p > 0. So let us suppose that all coordinates of D are 
of the above mentioned form. Let fip = ^p{D) denote the multiplicity of p\ki\ as a 
coordinate of D. We distinguish the following cases: 

(1) If m = then D G Dyn'^***(i?i, F, Fi, A;) iff (i) fXr = 1 if r is maximal 
such that fir 7^ 0, (ii) fip E {fip+i, Hp^i + 1} for all p > 0, and (Hi) fiQ = 
U/2(/ii + l)J. 

(2) Ifme Z\{0} then D £ Byn'^'''\Ri,V, Fi,k) iff (i) fir = I if r is maximal 
such that fir 7^ 0, (ii) fip G {^p+i,/ip+i + 1} for all p > \m\, (Hi) fip G 
{^p+i - /or 1 < p < |m| - 1, and finally (iv) fiQ = [fii/2\. 

(3) //m € Z + 1/2 then D G Dyn*^''*(i?i, Fi, A;) iff (i) fir = I if r is maximal 
such that Hr 7^ 0, (ii) fip G {/ip+i, ;Up+i + 1} for all p > \m\, and finally (Hi) 
fip G {fip+i - 1, fip+i} for 1/2 <p< \m\ - 1. 

Definition 6.7. We keep the notations as in Proposition \6.6l Assume that D G 
Dyn'^*''*(i?i, V, Fi, k). We callp G m + Z a jump of D ifp > \m\ and fip = /ip+i + l or 
ifO < p < \m\ and fip = fip+i. Finally we add (if m ^T,) or —1/2 (ifm G 1/2 + Zj 
to the list of jumps of D in order to ensure that the number of jumps of D is equal 
to + 2^ for some v G Z>o (this is always possible-see |Slo2| ). 

Remark 6.8. It is a simple matter to reconstruct D from its list of jumps by com- 
puting the multiplicities nip of the entries of the form p\ki\, starting from the top 
nir = 1. 
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This gives rise to a different classification of tlie set of A;-weiglited distinguished 
Dynkin diagrams T)jb.'^^^^{Ri,V, Fi,k) by the introduction of a combinatorial ana- 
logue hlm{n) of the corresponding set of "distinguished m-unipotent classes": 

Definition 6.9. If m Z we define 

(86) U^''^^{n) = {u\- 2n + rr? \ l{u) > |m| and u has odd, distinct parts} 
and if m & 1/2 + Z we define 

(87) Z//^'^*(n) = {u\- 2n + m? — 1/4 | l{u) > l\m\] and u has even, distinct parts} 

Proposition 6.10. Let m G Z/2 and let u € U^^^{n). Let k = {ki,mki) € Lm with 
ki ^ 0. If m € 1/2 + 71 we add as a part of u if necessary to assure that the number 
of parts of u is equal to [|?n.|] + 2v for some v G Z>o- The list j = j{u) consisting 
of the numbers {ui — l)/2 where Ui runs over the parts of u (ordered in ascending 
order) is the list of jumps of a unique distinguished k-weighted Dynkin diagram 
D € Dyn'^^''^^{Ri,V, Fi,k) (where D is of the form as described in Proposition \6. 6]) . 
This sets up a bijection 

(88) /f ^ : Z^f ^*(n) ^ Dyn^-*(i?i, V, F,,k) 

Finally we remark that Dyn^*^*(i?i, Fi, (0, 0)) = 0. 

This completes the classification of the set Dyn'^*^*(i?i, V^, A;) for all values of 
k € IC. It remains to describe for all special values k G Lm\{0} and all D G 
Dyn'^***(i?i, y, Fi, A;) the fiber ev^^(D) of the evaluation map 

(89) evfc : M^o\Res^(i?i) ^ Dyn^^^*(i?i, Fi,k) 

(where Wo\Res''j^^ (Ri) is the set of orbits of generic residual points which remain 
residual upon evaluation at k (note that this depends on m = m{k) rather than k)). 
Equivalently, we will describe for each D G Dyn''*'^*(i?i, V, Fi,k) the set 

(90) Vm{D) := A-Hev^\D)) C V{n) 
of all partitions A of n such that Wo(,x{k) = WqD. 

Definition 6.11. Let m G Z/2. Given u G U^^^{n) we define a 2-partition 4>m{u) G 
V{n, 2) as follows. First assume that m is nonnegative. Let j = j{u) be the sequence 
of jumps of length \m~\ + 2zv g Z>o associated to u as in proposition \6.1(A Then we 
define (pmiu) = {im{u),nm{u)) e V{2,n) where 

im{u) = (il, js, . . . ,j2u-l,j2u+l,j2v+2 " l,j2u+3 -2,... , j2u+m - {m - 1)), 
Vm{u) = (i2 + 1, j4 + 1, • • • J2u + 1) 

if m ^7 and 

imiu) = (jl + -,J3 + 2' • • • '-^Si^+l + 2^32u+2 - ^,j2u+3 " 2' ' ' ' '-^av+m+i " ("^ " 1)), 

/ X /• 1 . 1 • Ix 

Vm{u) = (j2 + -, J4 + -, • • • ,j2,y + -) 

if m G ^ + Z. If m < then we define (f>m{u) ■= {v~m{u),(,^m.{u)) G '^(2,™). 
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Definition 6.12. Let € V{2,n). Recall the equivalence class of m- symbols of 

(^,r/) denoted by A'"(^,r7) (if m = we use the +-symbol) (see |Slo2l Definition 3.6] 
for the definition of these symbols). If (^,r/) G 1^(2, n) we denote by [{(,,r])]m the 
set of (^', V) £ such that A"*(^,r/) and A™(^',r/') have representatives which 

contain the same entries the same number of times. For u G U^'^^{n) we define 
T,miu) C V{2,n) by T^^iu) := [4>m{u)]m- 

Finally the following result of Slooten gives the desired parametrization of the set 
'Pm{D) (and hence of the fiber ev^^(Z)) of the evaluation map): 

Theorem 6.13. (see [Slo21 Theorem 5.27]) The joining map Jrn (see [Slo21 Defini- 
tion 5.18]j is well defined Oft Xl^('u) QiTid this yiGlds a bijGctioTi 

(91) Jm : S„(n) ^ Vmifk^iu)) 

whose inverse is given by the splitting map Sm (see |Slo2t Definition 5.16]J. 

Corollary 6.14. Let m G Z/2, k = {ki,mki) with /ci / and let D G Dyn'^*''*(i?i, Fi, 
Put u = {fl^^)^^{D) G Um{n). We can arrange that u has \m~\ + 2v parts (with 
V G Z>oJ. Then 

'(rH+2.) ^fu^^^, 
otherwise. 



(92) \rm{D)\ 



6.2.1. The case ki =0. If k = (0,0) then there are no linear residual points since k 
is singular for all generic linear residual points. 

The situation with k = (0,A;2) with A;2 7^ is an important special case. Its 
importance stems in part from the fact that although k is highly nongeneric it is 
regular for all generic linear residual points. In fact, all generic linear residual orbits 
coalesce upon specialization for fci = to the unique orbit of residual points VFo^(fc) 
where ^ is defined by ^i{k) = /c2 for all i = 1, . . . , n. In other words, we have 

(93) Resi*"(i?i) = Res'*"(i?i) 
and (in the coordinates ei , . . . , e„ of V) 

(94) Dyn^-*(iii, V, F,,k) = {(j^sl, . . . , Ifcal)} 

The evaluation map ev^ is the unique map from Res'*"(i?i) to Dyn'^*'^*(i?i, V, Fi,k). 

6.3. The case Ri = Cn, n> 3. Put Ri = {±ei ±ej \ l <i ^ j <n}\J {±2ei \ 1 < 
i < n}. Choose as a basis Fi = {ei — 62, ... , e„_i — e„, 2e„}. We put k{ei ± Cj) = 
A:i G M and k(2ei) = A:2 G M and in this way make the identification /C = M^. Clearly 
we have the following equality for all k = (ki, k2): 

(95) Res'*"(C„,(A;i,A;2)) =Res'^'^(5„,(fci,A;2/2)) 

Since VFo(i?n) = Wo(C„) we see that everything reduces to the case -Ri = 

6.4. The case Ri = Dn, n > 4. We put Ri = {±ej ±ej\l<i^j< n}. Choose 
as a basis Fi = {ei — 62, . . . , e„_i — e„, e„_i -|-e„}. The case i?i = Dn can be reduced 
to the discussion of subsection 16.21 as well in the following way, using the Clifford 
theory discussion from [RR]. 

Let F^ denote the basis for Bn as in subsection 16. 2[ Let 

(96) ^P:-ll{Bn,V,Fl{ki,k2))^H{Bn,V,Fl{ki,-k2)) 
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be the unique algebra isomorphism such that 'ip{x) = x for all x G V* = M X, 
V'(se,_i-ei) = Sei_i-e, (for alH = 2, . . . , n) and ipisej = -Se„ (compare with the 
isomorphisms discussed in paragraph I2.1.2P . Then ip restricts to an involutive 
automorphism of U{Bn,V, F^,{ki,0)). Let ^' = ^ 1/2 be the group of 

automorphims of H(i?„, V, F^, {ki,0)) generated by V'- Then it is easy to see that 

(97) H{Dn,V,Fu{kuO))^U{Bn,V,Fl{ki,0)f 

(where the generator Se„_i+e„ on the left hand side corresponds to the element 
Se„Se„_i-e„Se„ on the right hand side). 

Let k = k(zizei it Cj) € /C(Z)„). We use A; as a coordinate on the line Lq C 
lC{Bn) by identifying k with the element (A:,0) G Lq. Let us from now assume that 
k £ fC^^{Dn) = )C{Dn)\{0} (and in the context of i?i = 5 n we identify k with 
(fc,0) G Lo). We have Wo(5n) = Wo{Dn) >^ T where T = {e,7} « Z/2 and 7 is the 
diagram automorphism that exchanges Cn-i — e„ and e„i + e„. Hence the center 
equals (see Corollary I2.10p : 

(98) Z(5„,F^(A:,0)) = Z{Dn,Fi,kf 

It is easy to see that for every u G Zig***(n) (defined as in subsection I6.2p the orbit 
Wo{Bn)f^'^{u) G Wo{Bn)\Res{Bn,k) is in fact a single Wo(^n)-orbit of residual 
points for Ri = Dn- It follows that 

(99) : Ut\n) ^ Dyn'^-*(Z)„, F,, k) 
is a bijection. 

Observe that we have (using the notation of Theorem 16. 2p the following relation: 

(100) WoiAki, -k2) = W^U^iM) 

where A ^ A' is the conjug ation involution of 7'(n). Thus the set Wo(^n)\Res[)*"(B„) 
of orbits of generic residual ^^j-points which remain residual if we restrict {ki,k2) 
to a (nonzero) element {k,0) G Lq admits an involution l given (via A) by the 
conjugation involution. By Proposition 16.41 this involution acts in a fixed point free 
manner on Wo\ReSQ^ (Bn) ■ The involution is clearly compatible with the evaluation 
map evQ. It follows from ([TOO]) that for ah 5 G A^(B„, V,F^,{k,0)) we have 



(101) gcc{6 o ip) = i{gcc{6)) 
Accordingly we define 

(102) Wo{Dn)\Res''^{Dni := W^o(5„)\Res[;"(B„)/{e, i} 
and we have a corresponding evaluation map 

(103) WoiDn)\Res''''iDni ^ Dyn^^^*(I)„, Fi, k) 



Remark 6.15. The relation with the usual Kazhdan-Lusztig parameters for Dn is 
as follows. For all u G lAQ^'^^{n) the involution i acts without fixed points on the set 
So('u) hy: 

The set S'^"(n) of Springer representations of Wo{Dn) associated with u is the set 
of {\, i}-orhits in So(u). In particular, for all D G Dyn'^*'^*(Z)„, Fi, A;) we have 
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Table 1. F4: Generic linear residual orbits 



Orbits / = Wo^ 




fi 


^1 = {ki,ki,k2,k2) 


f2 


6 = {ki,ki,k2 - ki,k2) 


h 


6 = {ki,ki,k2 - ki,ki) 


U 


= {ki,ki,k2 - 2ki,k2) 


h 


^5 = {ki,ki,k2-2ki,2ki) 


k 


^6 = {ki,ki,k2-2ki,ki)^0 


h 


Cr = {kuki,k2-2ki,-2k2) 


fs 


e8 = (0,A;i,0,fe2-fci) 



a natural bijection between the fiber (ev^) ^{D) and the set of classical Kazhdan- 
Lusztig parameters S-^"(n) associated to u = u{D). 

6.5. The case Ri = En, n = 6,7,8. In the simply laced cases we can classify 
the generic linear residual orbits with the weighted Dynkin diagrams for the distin- 
guished nilpotent orbits (see |0H Proposition B.l(i)]). Since the weighted Dynkin 
diagrams characterize the nilpotent orbits completely by the Bala-Carter theorem 
(see |Carj ) we obtain for all A; 7^ a bijection 

(104) /f ^ : U''''\Ri) ^ Dyn'^*^*(i?i, V, F,, k) 

where U'^^^^{Ri) denotes the set of distinguished nilpotent orbits of the simple com- 
plex Lie algebra with root system It is well known that the values of the 
roots on the generic linear residual points are integral linear combinations of the 
k{a) (corresponding to the fact that the roots take even values on the distinguished 
weighted Dynkin diagrams). We refer to [Carl pages 176-177] for the tables of the 
distinguished weighted Dynkin diagrams. 

6.6. The case Ri = F4. Let (ai, 02, as, 04) be a basis of simple roots of i?i such 
that ai and 02 are long, 03 and 04 are short, and 02(03) = —2. 

The set Wo\Res^'"(F4) was completely classified in [HOT] Table 4.10], but un- 
fortunately this table contains an error (the coordinates of /y are incorrect). We 
therefore include the corrected table (see Table 1) below. There are eight orbits of 
generic linear residual points for F4, numbered /!,...,/§ . The orbits are generi- 
cally regular with respect to the Wo-action, except for /§ which generically has an 
isotropy group of type AiX Ai. In the table below we have specified for each generic 
linear residual orbit /„ = WoCn a generic linear residual point ^„ by means of the 
vector of values (ai(Cn); • • • , a4(?n))- Here k = {ki, k2) where ki is the parameter of 
the long roots. We list in Table 3 the non- generic values of k, together with the 
set Dyn'='*^*(A;) := Byii'^''\Ri,V, Fi,k) of k -weighted Dynkin diagrams and for each 
D S Dyn'^***(A:) the inverse image ev^^(L') of the map 

(105) evfc : Wo\Res'r ^ Dyn'='^^*(A;) 

Remark 6.16. In Table 3 we assume that x > 0. Not all special parameters are 
listed in table 3 but all other special values can be obtained from the listed ones by ap- 
plying the following symmetries. First of all we have fi{ki, ^2) = fi{—ki, —k2) (since 
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Table 2. i^4: Regular parameters 
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Urbit 




h 


{2ki + 3k2){3ki + 4A;2)(3A;i + 5A;2)(5fci + 6fc2) / 


f2 


{k't - {6k2r)k2 + 


h 


(3A;i + 2k2){k^ + 3A;2)(2fci + 3A;2)(3A;i + 4^2) + 


h 


(2A;i - 3A;2)(3A;i - 4A;2)(3A;i - 5/c2)(5A:i - 6/02) / 


h 


((3fci)^ - (2A;2)')(A:^ - (3A;2)') + 


k 


(3A;i - 2A;2)(fci - ?>k2){2kx - 3k2){3ki - 4/02) 7^ 


h 


{{3kiy - kl)ki + 


fs 


kxk2 ^ 



-id G VFo; and /,(A;i,A:2) = -^2) = /e(i)(-A:i, A^a) mi/i = (14)(36). With 

these transformations we can reach all quadrants of IC from the positive quadrant. 
In addition we have used the following symmetry (arising from interchanging the 
long and short roots) to reduce the length of Table 3: Let ^{a,b,c,d) = {2d, 2c, b, a). 
Then we can define Di{2k2,ki) by Di[2k2,ki) = ^{Di{ki,k2))- The map ^ acts 
as follows on the set of generic linear residual orbits: ^{fi{ki,k2)) = fcr[i){2k2,ki) 
where a is the transposition (27). Observe that ^'^{a,b,c,d) = {2a, 2b, 2c, 2d), thus 
\j/2 corresponds to replacing x by 2x. 

6.7. The case Ri = G2. See [HUH Proposition 4.15]. There are three orbits of 
generic hnear residual points VFo^i; ^^0^2 and VFqCs- which we will refer to as gi, 
g2, and 33. Let ai be the simple long root and 02 the simple short root. Let 
k = (^1,^2) with ki the parameter of the long root. The following table lists the 
gi = VFo^j and the set /C^*^^ where VFo^j remains residual upon specialization. We 
use similar conventions as in the case F4. We list in Table 5 the non-generic values 
of k, together with the set Dyn'^***(A;) of A;- weighted Dynkin diagrams and for each 
D € Dyn°'*^*(A;) the inverse image ev^^(D) of the map 

(106) evfc : Wo\^es'r ^ Dyn'^^^*(A;) 

Remark 6.17. In Table 5 we assume that x > 0. Not all special parameters are 
listed in table 5 but all other special values can be obtained from the listed ones 
by applying the following symmetries. First of all we have gi{ki, ^2) = gi{—ki, —^2) 
(since —id G Wq) and gi{ki, /C2) = ge{i){ki, —k2) = ge{i){~ki, k2) with 6 = (12). With 
these transformations we can reach all quadrants of fC from the positive quadrant. 
In addition we have used the following symmetry (arising from interchanging the 
long and short roots) to reduce the length of Table 5: Let ^{a,b) = {3b, a). Then we 
can define Di{3k2,ki) by Di{3k2,ki) = ^{Di{ki,k2)). The map ^ acts as follows 
on the set of generic linear residual orbits: ^{fi{ki,k2)) = fi{3k2,ki). Observe that 
^'^{a,b) = {3a, 3b), thus ^'^ corresponds to replacing x by 3x. 



7. The classification of the discrete series of H 
We formulate the main theorem of this paper. 



48 ERIC OPDAM AND MAARTEN SOLLEVELD 

Table 3. fe-weighted Dynkin diagrams and confluence data for 



1 / 7 7 \ 

k = [ki, k2) 


D € Dyn'***'^^) 


— 1 / ~r-\ \ 

evfe (^) 


(0,x) 


Di = (0,0, x,x) 


/l) /2, /4 




D2 = (0,0, x,0) 




{x,x) 


Di = (x, X, X, x) 


h 




D2 = (x, X, 0, x) 


f2, /s 




Ds = (0, X. 0. x) 


hJv 




D.i = (0. .-(•. 0, 0) 




(x, 2x) 


Di = (x, X, 2x, 2x) 


/l 




D2 = (x, X, X, 2x) 


/2 




= (x, X, X, x) 


/s 




-D4 = (x, X, 0, 2x) 






£)5 = (x, X, 0, x) 


h, h 




L>6 = (0, X, 0, x) 


h 


(x, 3x) 


Di = (x, X, 3x, 3x) 


h 




D2 = (x, X, 2x, 3x) 


/2 




Z?3 = (x, X, X, 3x) 


/4 




L>4 = (x, X, 2x, x) 


h 




= (x, X, X, 2x) 


h 






h 




D7 = (0, x,0,2x) 


/s 


(2x, 3x) 


Di = (2x, 2x, 3x, 3x) 


/i 




D2 = (2x, 2x, X, 3x) 


/2 




1)3 = (2x, 2x, X, 2x) 


/3 




1)4 = (2x,0,x,2x) 


/4, /? 




L>5 = (0,2x,0,x) 


/8 


(3x, 2x) 


Di = (3x, 3x, 2x, 2x) 


/l 




D2 = (3x, X, X, 2x) 


/s 




L>3 = (3x, X, X, x) 


/2 




-D4 = (2x, X, X, 2x) 


/? 




D5 = (2x, X, X, x) 


h 




= (0, x.x.O) 


fs 


(5x, 3x) 


Di = (5x, 5x, 3x, 3x) 


h 




L>2 = (5x, X, 2x, 3x) 


h 




D3 = (5x,x, 2x,x) 


h 




-D4 = (4x, X, 2x, 3x) 


/r 




Z^s = (4x, X, 2x, x) 


h 




-De = {x, X, X, x) 


h 




Ih = ((J,.T,2.r,0) 


h 



Theorem 7.1. Let R\ C F* 6e a non-simply laced irreducible root system or Ri = 
An- Let Fi be a basis of simple roots, and let k G IC. We denote by A^(i?i, V,Fi, k) 
the set of irreducible discrete series characters o/H(i?i, V, F\,k). The generic central 
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Table 4. Generic linear residual orbits for G2 
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Type 






91 


6 = (^1,^2) 


{ki+2k2){2ki+3k2) ^0 


92 


^2 = {ki,k2 - ki) 


{ki - 2k2){2ki - 3k2) / 


93 


^3 = iki,l/2{k2-k^)) 


kik2 ^ 



Table 5. A;-weighted Dynkin diagrams and confluence for G2 



k = {ki, k2) 


D € Dyn*"*(A;) 


ev-p) 


(0,x) 


Di = (0,x) 


91,92 


{x,x) 


Di = (x,x) 


91 




D2 = (x,0) 


92,93 


(2x, x) 


Di = {2x,x) 


91 




D2 = i^x, ix) 


93 



character map induces a bijection 

(107) gccf : A^iR^V, Fi, k) ^ Wo\Res'^{Ri) 

which is compatible with the central character map in the sense that evk{gcc^{6)) = 
cc{S) for all k ^ K. and for all 5 € A^{Ri, V, Fi,k), except when Ri = F4 and k G 
/Cj^^, in which case there are exactly two elements 6j^, d^n G A^{Ri,V, Fi,k) with 
generic central character /§ . This statement is also true for Ri = Dn ( with n > 4) if 
we replace Wo(Dn)\Res^^"(L>„) by Wo(£'„)\Res^™(L>„)« and gccf by the map gccf'^ 
which is equal to the map 9cc^^q" for type Bn, composed with the induction map for 
characters of H(L»„, V, Fi , k) to H(B„, V, F^, {k, 0)) . 

Proof. We apply the reduction results Corollary 12.301 and Corollary 12.311 with u = 1. 
In this situation we will denote the natural map Q ^ IC giyen by g — > ku=i = k hy 
k = 21og(g). 

In view of Proposition 12.561 Corollary 12.311 and Corollary 15.111 the result is equiv- 
alent to the statement that for all WoC € VFo\Res^*"(i?i) and all components U G 
JCwoS, we have M|yi/j, cxp(5)}xcxp({/) = 1 except when Ri = F4 and Wq^, = /§, in which 
case the value should be 2 (independent of the choice of C/). 

If i?i = An (with n > 1) then there is one generic residual orbit WqCj with 
two components JCwq^ = {U+,U^}. It is of course well known in this case that 
M± := -/Vfj^yp gxp(^)}xexp (;7±) = 1 ™d there are many possible proofs for this fact, 
but we will explain the proof that is central to the approach in this paper in order 
to illustrate the method in this basic case. 

The multiplicities M± are on the one hand at least 1 (by Corollary 15. 11 1) and on 
the other hand at most 1 by Corollarv l5.11l Corollarv l2.31l and Corollarv l2.36i This 
proves the required equality. 

If i?i = Bn (with n > 2) we argue in a similar way. By Corollary 15.111 and 
Corollary [63] we see that for all k G /C^^^" the cardinality \A^{Ri, V,Fi,k)\> |P(n)| 
with equality iff -/W^jM/,, exp(0}xcxp((7) = 1 for U such that k £ U. On the other 
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hand it is well known that the set of elliptic conjugacy classes of Wo{Bn) is naturally 
in bijection with the set V{n). Hence Corollary 12.311 and Corollary 12.361 show that 
\A^{Ri,V,Fi,k)\ < \V{n)\. We conclude that \^^{Ri,V, Fi,k)\ = \V{n)\ and thus 
that MnyQgxp(^)}xexp{(7) = 1 for all orbits Wq^ and all U G K^Woi such that U B k. 
Since k was chosen arbitrarily we see that A'f|vi/pcxp(0}xcxp(c/) = 1 foi' all Wq^ and 
U e CvFoexp(^)5 as desired. 

If Ri = Cn then the result follows easily from the case Ri = Bn using that fact 
that il{Bn, [kiM)) ^ H(C7„, (fci, ^2/2)). 

If i?i = G2 the argument is completely analogous to the case Ri = Bn, using the 
results of subsection 16.71 

In the case Ri = F4 we need additional arguments. The Weyl group Wo{F4^) 
has 9 elliptic conjugacy classes, but by Subsection 16.61 we see that there are only 
8 generic linear residual points /!,...,/§. The points fi,...,/^ are (generically) 
regular. A generic residual orbit Wq exp{^{k)) carries precisely 1 irreducible discrete 
series character (see jSLoJL! Corollary 1.2.11]), proving that the multiplicities asso- 
ciated to these orbits are all precisely equal to 1. Now consider /§. By the above 
numerology we see that for any component U of /Cj^^ the value of Mf^^jj can be 
either 1 or 2 and in the rest of the proof we will show that it has to be always 2. 
Prom Table 2 we have /C^^^ = {f7±,±} with C/.^^ea = {(^1,^2) | eih > 0{i = 1,2)}. 
This simple structure of /C^^^ is very helpful at this point. There exist standard 
automorphisms (for = ±1) 

(108) :H(i?i,y,Fi,(A:i,fc2)) ^H(i?i,y,Fi,(eiA:i,e2A:2)) 

such that V'ei,e2(2^) = X for all x G V*, ip^-^^^^i'^i) = ^i^i (for ^ = 2) and ^/^ei,e2(^j) = 
e2Sj (for j = 3, 4). Clearly twisting by V'ei,e2 sends discrete series characters to 
discrete series characters and thus that the multiplicities Mf^xu are independent 
of U. It was shown by Mark Reeder |Rlj that there exist 2 irreducible discrete 
series with central character ev(4a;^a;)(/8) for the (generic) parameters (4x,x) (with 
X > 0). In Reeder's parametrization these characters are called [j4iii^7(a5), — 21] 
and [AiEj{a5), —3]. Reeder's result is based on the explicit computation of the 
weight diagrams of the discrete series modules (alternatively we could invoke here 
the standard Kazhdan-Lusztig classification for the parameters (x, x) (with x > 0) 
to arrive at the same conclusion). 

Finally let us consider the case Ri = Dn- Of course this simply laced case can 
be treated directly by the Kazhdan-Lusztig classification (see Remark I6.15P but 
we want to show here how to adapt the deformation method to so that the clas- 
sification for Ri = Dn is also treated by an appropriate version of the generic 
central character map. It was shown in Subsection 16.41 that the degenerated affine 
Hecke algebra ii{Dn,V, Fi, k) is the fixed point algebra of ii{Bn,V, Fi, {k,0)) for 
the action of the automorphism group ^ ~ Z/2. From our knowledge of the case 
Ri = B n we know already that the map generic central character map Qcc^j^^^ 

for type 5„ yields a bijection between A^(5„, V,F^, (/c,0)) and iyo\Reso"(Bn)- In 
Subsection 16.41 we have seen that twisting by acts freely on the set of generic 
linear residual orbits M/o\Reso"(i?„). It follows that twisting by V acts freely 
on A^(Bn,y,Fl^ (A:,0)) as weU. Using [RRl Theorem A.6, Theorem A.13] we 
see that all characters in A^(i?„, y, F^, (fc, 0)) remain irreducible when restricted 
to Yl{Dn,V,Fi,k) = H(B„,y,F{',(/c,0))*, that all 6 G AH(D„, Fi, A;) arise in 
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this way and that there always exist precisely two irreducible characters (5+, <5_ G 
A^{Bn,V, , {k,0)) restricting to 6, and these two characters are V'-twists of each 
other. This proves the required result. □ 

Let us look at an interesting special case: 

Example 7.2. We have H(B„, Fi, (0, Aja)) ^ H(A^, Fi(A^), fcs) x Sn with 
F-^ = {ei, . . . , e„}. Using this it is easy to see that for ^2 7^ 

(109) AH(i?„,y,Fi,(0,fc2)) = R I^gM 

with 5-,^ = 5®" ® vr and where 6 is the unique irreducible (one dimensional) discrete 
series character of'H.{Ai,V{Ai),Fi{Ai),k2). If k2 > then 

(110) V)Im^o =X(-,A') 
and if k2 < then 

(111) '5,r(A)|l4^0 = X(A, -) 

where {'^i^)}\£'p(n) denotes the usual parametrization of the irreducible characters 
of Sn by partitions of n (see e.g. |Car] ). and where {x{tt '^)}(T.a)e'P{2,n) the usual 
parametrization of the irreducible characters ofWo = W{Bn) by 2-partitions of n. 

On the other hand we recall from subsection \ti.2.1\ that k = (0,/c2) is a regular 
parameter for all generic linear residual orbits o/ H(i?„, F, Fi, (/ci, /C2)). Hence the 
map 

(112) ffcc(o,fc,) : ^^{Bn,V,F^,(Q,k2)) ^ Wo\Res'^"(5„) 

is a bisection by Theorem \7.1\ By continuity (see Theorem \5. 7| and Definition \5.10\} 
it follows that for all A G ■P(n) the generic irreducible discrete series character 
Swoi\xU±oo whose domain of definition is the unique connected component U±oo = 
Uwo^\,±oo '^f ^wiix '^^^^^ contains (0, A;2) for ±k2 > restricts to an irreducible 
character of Sn, and this sets up a bijective correspondence between the set of generic 
linear residual orbits and the set of irreducible characters of Sn- 

Remark 7.3. Unfortunately we do not know how to compute the generic central 
character map in this case. We conjecture that 

(113) fi'CC(o,fc2)(^7r(A)) = Wo^x' 

if k2 > and 

(114) ffCC(o,fc2)('^7r(A)) = Wo^x 

ifk2 < 0. 

The following corollary of Theorem 17.11 was known for degenerate affine Hecke 
algebras with equal parameters by the work of Reeder [ R2j . 

Corollary 7.4. Let k G /C"*^^ be a regular parameter. The elliptic pairing is positive 
definite on Ell(H(i?i, y, Fi, A:)) and the map 

Ell{U{R,,V,Fi,k)) ^Ell{Wo) 
yields an isometric isomorphism with respect to the elliptic pairing. 
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Proof. We may assume that Ri is irreducible. If Ri is non-simply laced we see from 
our results above that (since k £ IC^^'^ the images in Ell(7^(i?i, y, Fi, A;)) of the 
irreducible characters in A^(i?i, V, Fi, k) form a linear basis of Ell(7^(i?i, V,Fi,k)). 
We also know that these even form an orthonormal basis with respect to the elliptic 
pairing, hence the elliptic pairing is positive definite in this case. Using results of 
|OSj it follows that the limits of these characters for xk (with x — > 0) from an 
orthonormal set of elliptic characters of Wq (actually, in order to see this using the 
results of [OS] we need to lift the characters to H{TZ,q) using the equivalence of 
Corollary 12.311 then take the limit with x — > to get a set of orthonormal elliptic 
characters for W, and then use the formula for the elliptic paring of [0S|. Theorem 
3.2]). Finally we already established in the previous theorem that the cardinality 
of this set is equal to the dimension ell(Tyo) of the space Ell(Wo)- This yields the 
desired result for non-simply laced cases. For simply laced cases (or more generally 
all cases with equal parameters k (i.e. such that ka = x for all a G the result 
is due to Reeder jR2j (based on the Kazhdan-Lusztig model for the characters of 

n{n,q)). □ 

It is natural to expect that the result of Corollarv 17.41 holds for arbitrary k. We 
conjecture something stronger (see [ABP] for related conjectures): 

Conjecture 7.5. A generic family 5 of irreducible discrete series characters 5 G 
A^'^'^^{Ri,V, Fi) with domain of definition U G ^WoS. '^^2/; ^'^•^ weakly continuous 
limits to the points k U (the closure of U). In view of the above results this 
would imply that the elliptic pairing is positive definite on Ell(H(i?i, 1/, A;)) for 
all semisimple root systems Ri and all G /C, and that this space is isometric to 
En(Wo) for allkeJC. 

Remark 7.6. Using the gcc^ invariant is not difficult to check that for all ir- 
reducible root systems Ri the irreducible discrete series characters are stable for 
twisting by diagram automorphisms (a case-by-case verification). 



8. The classification of the discrete series of H 

Since a semisimple root datum is in general not isomorphic to a direct sums of 
irreducible root data the classification of the irreducible discrete series characters 
can not be reduced to the same problem for an irreducible root datum. However, 
we have seen (Theorem 12.61 and Theorem 12. 8p how to reduce the problem to the 
analogous problem for cross products of semisimple degenerate affine algebras by 
certain groups of diagram automorphisms. In Section [7. II we have covered the basic 
building blocks, the simple degenerate affine Hecke algebras. 

Even though the classification problem for semisimple affine Hecke algebras can in 
general not be reduced to the simple cases it is instructive to give the classification 
in certain basic situations. This is what we seek to do in the present section. In 
particular we classify in this section the irreducible discrete series characters for all 
the irreducible non-simply laced root data and all possible positive root labels (using 
Theorem 12.61 and Theorem 12.81 to reduce the problem to Theorem 17. ip . 

Let TZ = {X, Rq, Y, Rq, Fq) be an irreducible root datum, and let g G Q = Q('^). 
Recall the maximal root datum 7^™«-^ (with X"^"-^ = P{Ri), the weight lattice of 
-Ri, and i?^"^^ = Rq) with the natural isogeny tp : TZ ^ -j^max g^gj^ n^g^i Q{TZ) = 
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Q(7e™"^). Let us define 

(115) r = Y/Q{R() ~ Hom(X'""^VX, ) C T*""^' 

An element 7 € F uniquely extends to a linear character (also denoted 7) of W'^"'^ = 
j^max ^ which is trivial on Wq. T acts on the affine Hecke algebra ff^""^ = 
j^^j^max ^ q) by means of algebra isomorphisms as follows: for w € W"^"'^ and 7 € F 
we define "f{Nu]) = ^{w)Nw With this action of F we have 

(116) n{n,q) = n{'R"'^'',qf 

We are interested to apply Theorem 12.61 to central characters which carry discrete 
series characters of Ti, in other words to orbits Wor £ Res(7^, q) of residual points 
in T. We know that r € T is of the form r = sexp(^) with s € Tu such that 

(117) Rs,i = {a£Ri\ a{s) = 1} 

is of maximal rank, and ^ is a linear {Rs,i, fcs)-residual point. Let us define W'^ = 
Wq t< 2TriY, then the action groupoid of the action of Wq on T is equivalent to the 
action groupoid of W"^ acting on iV. We have a splitting of the form 

(118) W"^ = W^iTV^"'') X F 

with W"V(7^maa;) ^ W{R^l^) = Wq K 2TTiQ{R^) on iV, and where F acts on WiR^^^) 
via diagram automorphisms of R^\ Hence we may assume that s(e) = exp(e) with 
e G E(C'^), the set of extremal point of the closure of the fundamental alcove of 
WiR'^^). It follows that we have 

with Fj,(g) ~ {7 € F I 7(e) = e} (compare with Definition 12.51 and Corollarv l2.54p . 

Let F"^ be the set of simple affine roots of R^\ If € F'^ then there exists 
a unique extremal point e(a^) G E{C'^) such that o^(e(a^)) 7^ 0. This sets up a 
canonical bijection F^ < — > E{C^) which we denote by e ^ o'^(e) and — > e(a^). 

Let D{a^) G V* denote the gradient of . By the above, if e 7^ e(a^) then 
D{ay){s{e)) = 1. Hence if D{a^) can be written as D{a^) = 2(3 with (3 e Rq then 
f3{s{e)) = ±1 for all extremal points e G with e 7^ e(a^). In this situation the 
value /?(s(e)) G {±1} is independent of the choice of e 7^ e(a^) (namely, it equals 
— 1 iff {a^} = F'^\Fi). Thus the following definition makes sense (in view of p6p ): 

Definition 8.1. We define the spectral diagram S associated with {TZ,q) as the 
affine Dynkin diagram ofW"^ associated with the basis F'^ of R^^\ where we give all 
the vertices a"^ G -F^ ofT,a weight defined as follows. We define k^y = kg £,(^uy^ 
(as in Ii2b]) ) where s = s{e) for e G E{C'^)\{e{a'^)} (an arbitrary choice). Note 
that S (labelled with these weights) is invariant for the natural action ofT on F^ . 
We include the action of F on the diagram and the marking of the special vertex 
( extending the diagram of Ri ) in the spectral diagram. 

Example 8.2. If TZ = 7^™"^ we have F = 1. These cases are referred to as R^^\ 

Example 8.3. R is possible that the generic affine Hecke algebra of a root datum is a 
specialization of the generic affine Hecke algebra of another root datum. For example, 
Ti.{Cn, P{Cn), Bn,Q{Bn), FQ{Cn)) is isomorphic to the specialization vpv = I in the 
generic algebra of the type H{Bn,Q{Bn),Cn, P{Cn), FQ{Bn)) where (3 £ Rq = Bn is 
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Figure 1. Spectral diagram of the Iwahori Hecke algebra of S02n+iiF) 
k 

. ,^4^ 

k 

Figure 2. Spectral diagram of the Iwahori Hecke algebra of Sp2n{F) 

* )' • •- • • '( • 

Q k k k k 2k 

Figure 3. Equivalent ci^^-type spectral diagram of the Iwahori 
Hecke algebra of Sp2n{F) 




such that 2/3 € Ri- This is compatible with the previous remark in the sense that 
both these cases are referred to as Cn \ A basic example in this class is the Iwahori 
Hecke algebra of the Chevalley group of type G = S02n+i{F), with = j log(C'/7^)|, 
the cardinality of the residue field. See FigureUl (with k = 2\og{q)). 

Example 8.4. The Iwahori Hecke algebra of the simply connected group Sp2n{F) 
(where we put = |log(0/P)|^ has the spectral diagram displayed in Figure \^ 
(where k = 2log{q)). It corresponds to the case Rq = Bn, X = Q{Rq) and therefore 
it is obviously also a specialization of Cn^ (namely this case corresponds to the 
specialization i'qV = 1 for a = 2(3 with /3 € Rq). Indeed, the spectral diagram of 

Figure is equivalent to the diagram of type Cn^ displayed in Figure O 

Example 8.5. More generally, letIZ be of type Cn \ Let Rq = {±ej, itejibej} and 
put X = Q{Ro)- Choose Fq = {ei - 62, • • • ,en-i - en,en} and put qi = q{sx,-xi+i), 
12 = Q{s2xn) o.^d qo = q{si-2xi)- Put k = 2Iog((7i) and define m± by m±k = 
lb log(go) + log(Q'2)- The corresponding spectral diagram is displayed in Figure\^ We 
refer to [L2] , [Bio] for explicit examples of such affine Hecke algebras as convolution 
algebras in the representation theory of p-adic groups. 

Definition 8.6. For each element e E E{C^) we associate the semisimple root 
system Rs(e),i i^i^h basis Kj(e),i (o-^ Definition \2. 5]) . Then D(F'^\{a^(e)}) is a 
basis for Rg(^f,^ i. Let kg G K,{Rs{e),i) denote the unique parameter function on Rs(e),i 
which corresponds to the set of weights of S restricted to F^\{a'^ (e)} . Then we 
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* )' • •- • • ■( • 

2m_fc k k k k 2m+fc 

Figure 4. Spectral diagram for the general ci^^-case 
associate to e the algebra 

(120) He := H(i?,(,),i , V, F,(,),i , k^) x r,(,) 

We denote by A(He) the set of irreducible discrete series characters of He (in the 
sense as explained in the text following Corollary \2. 21 ). 



Let us finally formulate our classification theorem: 

Theorem 8.7. LetTZ = {X, Rq,Y, , Fq) be a root datum with Rq irreducible, and 
let q G Q. Let A{TZ,q) be the set of irreducible discrete series characters of the Hecke 
algebra ^{{TZ, q) as usual. There exists a natural bijection 

(121) A(7^,Q)c. H A^(^)(7^,g) 

eer\E{c-^) 

where the disjoint union is taken over a set of representatives for the T-action on 
E{C^). For each e € E{C^) there is a natural bijection 

(122) A^(^)(7e,(z) ~ A(He) 

(where the right hand side denotes the set of irreducible discrete series characters of 
Hej. In particular, ifTgi^^) = 1 we have 

(123) A^(^)(7^,g) ^ A^{R,^e),i,V,F,^e),i,ke) 

(which is completely described by Theorem \7.1\ ). If 6^ G A(He) then its restriction 
to H(i?^(e),i) ^1 -^s(e),i) fee) is a finite sum of irreducible discrete series characters 5^' 
whose generic central characters gcc^{5Y') constitute one Wgi^f.)- orbit of a generic 
linear Rg(^e),i-''"^s'^dual point ^ (using Theorem \7.1\ ). We express this by writing 

(124) <7ccH(5H) = 

With this notation the bijection above has the property that if S € A^^^^ {lZ,q) corre- 
sponds to 5^ G A(He) with gc(^{5^) = Ws(f,)i ^^en 

(125) <7cc(<5) = Vro(s(e)exp(e)) 

Proof. Use Theorem 12.61 and Theorem 12.81 □ 

Remark 8.8. IfR- is of type R^^^ then one has '^s{e) = 1 fof clU G E{C^). In general 
one needs to apply Clifford theory in order to describe the sets A(He) in terms of 
the results of Theorem\7.1\ 



The only non-simply laced classical case which is not of type is the case 
Rq = Cn and X = Q{Rq) (as is clear from the examples above). In this case 7^"*"^ 
is of ci^^-type with the specialization vpv = V2x„ = 1 (as in Example 18. 3p . Using 
the notation of Example 18.51 and ([7]) we see that qo = q{v2x„) = 1- Hence we have 
m = = m_, and a group E ~ Z/2 acting on the spectral diagram S as shown 
in Eigure [5l In the application of Theorem 18.71 everything is straightforward except 
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Figure 5. Spectral diagram for Rq = Cn and X = Q{Ro) 

when = 2a is even and e = Ca corresponds to the the middle node of S (the unique 
node of S with nontrivial isotropy in F) . In this case we need to describe the set 

(126) A(HeJ = A((H(C„, Va, Fa, ka) H(C„, Va, ka)) X F) 

where the nontrivial element of F acts by the flip r of the two tensor legs. 
Theorem 8.9. We have 

(127) A(HeJ ~ F\(AH(C„, Va, Fa, ka) X A^{Ca, Fa, ka))' 

where for any set A, {A x A)* denotes the Cartesian product of A with itself with 
the diagonal counted twice, and where the unique nontrivial element 7 G F acts by 
7r(7)(^i,(52) = {S2,Si). 

Proof. By Clifford theory it is clear that all irreducible discrete series representations 
of Hg^ are obtained by the following recipe. We start from an irreducible discrete 
series character 6 = Si iS) S2 oi ll{Ca,Va, Fa,ka) ^ il{Ca,Va,Fa,ka). Consider its 
inertia group for the action of F on such characters (by twisting). In this simple 
situation we see that we can choose an explicit intertwining isomorphism 

(128) 7r(7) : (5i 0(52 ^ ((52 (8)(5i) or 

given by 7r(7)(f (Si w) = w ® v. Hence the inertia subgroup in F of (5i Og) 82 is 
nontrivial iff 5i and 62 are equivalent irreducible representations. If the inertia is 
trivial then Clifford theory tells us that the induction of Si S2 to Hg^ is irreducible, 
and otherwise Clifford theory tells us that the induced representation splits up in 
two inequivalent irreducible parts (distinguished from each other by the sign of the 
trace of 7). This proves the result. □ 
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